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|| Mi Awademical Students ; at the request of some 
Biers, a duodecimo Edition of the Six Books rth on 

‘ Mamie plan for the use of Schools. Soon after its appearance, ‘TO- 
Bifieor Christie, the Secretary of the Royal Society, in the Prefacé to 
Hi, ‘Treatise on Descriptive Geometry for the use of the Royal Military 

emy, was pleased to notice these works in the following terms >— 


When the greater Portion of this Part of the Course was 

) ME had for some time been in use in the Academy, a new Edition of 

Ed's Elements, by Mr. Robert Potts, M.A., of Trinity College, 
Pembridge, which is likely to supersede most others, to the extent, at 







heust. of the Six Books, was published. From the manner of 
me the Demonstrations, this edition has the advantages of ! P 
olical form, and it is at the same time free from the n 
tions to which that form is open. The duodecimo edition of this 


syn 


ob) 
Work. comprising only the first Six Books of Euelid, with De ys 
eee them, having been introduced at this Institution as @ text-book, —~ 


ew, renders any other Treatise on Plane Geometry unnecessary 
leat gourse of Mathematics.” P 
For the very favourable reception which both Editions have met 
«ith, the Editor's grateful acknowledgements are due. It has been his 
@esire in putting forth a revised Edition of the School Euclid, to render 
the gork in some degree more worthy of the favour which the former 
litions have received. In the present Edition several errors and 
Beersights have been corrected and some additions made to the notes : 
Mmiquestions on each book have been considerably augmented a 
fer arrangement of the Geometrical Exereises has been atter 
Tig lastly, some hints and remarks on them have been given 
| Mhetearner. The additions made to the present Edition 
k, than fifty pages, and, it is hoped, that they: Ne r 
useful to the learner. AS 
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the mind becomes stored with distinctions; the faculti 
ney and firmness are established; and its rule is always tr 


and eross reasoning ; for the contrary of all which habits, those a; 
__« the most part noted, who apply themselves to Logic without stucg. 
in some department of Mathematics; taking noise and wrangling « 
proficiency, and thinking refutation accomplished by the instage 
ofa doubt. This will explain the inscription placed by Plato ov + th 
~ door of his house: ‘Whoso knows not Geometry, let him not enter 
here.’ On the precedence of Moral Culture, however, to all the » 
Sciences, the acknowledgement is general, and the agreement - 
The same writer recommends the study of the Mathematics, { 
cure of “compound ignorance.” “Of this,” he proceeds to say, “the 
essence is opinion not agreeable to fact; and it necessarily inv ty 
another opinion, namely, that we are already possessed of know! 
So that besides not knowing, we know not that we know not 
hence its designation of compound ignorance. In like manner, 
many chronic complaints and established maladies, no cure « 
effected by physicians of the body: of this, no cure can be effect 
physicians of the mind: for witha pre-supposal of knowledge / 
‘Own regard, the pursuit and acquiremer:t of further knowledge i 
to be looked for. The approximate cure, and one from. which \, 
main much benefit may be anticipated, is to engage the patient 
study of measures (Geometry, computation, &c.); for in such pu 
the true and the false are separated by the clearest interval, am 
room is left for the intrusions of fancy. From these the mind 
discover the delight of certainty; and when, on returning to his ow! 
opinions, it finds in them no such sort of repose and gratification, } 
may discover their erroneous character, its ignorance re hy 
irement of truth and virtue 
rise og a bs cea for the acquirem 
Lord Bacon, the founder of Inductive Philosophy, was not inven 
sible of the high importance of the Mathematical Sciences, as rn 
in the following passage from his work on “The Advancement 
Learning.” 


“The Mathematics are either pure or mixed. To the pure Mathes = 
matics are those sciences | ing which handle quantity determing 

severed from any axioms of natural philosophy ; and these are. 

eorr and Arithmetic; the one handling quantity continwet. 
Mixed hath for subject some axioms § 
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‘and considereth quantity determined,, ak : " 
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: mentioned, We find 


PREFACE. 


ther be invented with sufficient subtlety, nor demonstrated with 

ficient perspicuity, nor accommodated unto use with sufficient 

xterity, without the aid and intervening of the Mathematics : of 

hich sort are perspective, music, astronomy, cosmography, archi- 
sActure, enginery, and divers others. 

“In the Mathematics I can report no deficience, except it be that 
nen do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and eure many defects in the 
wit and faculties intellectual. For, if the wit be dull, they sharpen it; 
if too wandering, they fix it; if too inhereat in the sense, they abstract 
it, So that as tennis is a game of no use in itself, but of great use in 

sspect that it maketh a quick eye, and a body ready to put itself into 
ll postures; s0 in the Mathematics, that use which is collateral and 
itervenient, is no less w6rthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
rediction, that there cannot fail to be more kinds of them, as nature 
ows further disclosed.” 

How truly has this prediction been fulfilled in the subsequent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his “ Thoughts on the Study of Mathematics,” 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
reason: and that “the object of a liberal education is to develope the 

bole mental system of man;—to make his speculative inferences 
SPincide with his practical convictions ;—to enable him to render a 
Peason for the belief that is in him, and not to leave him in the con- 
@ition of Solomon's sluggard, who is wiser in his own conceit than 
@even men that can render a reason.” And in his more recent work 
entided, “Of a Liberal Education, &c.” he has more fully shewn the 
Maportance of Geometry as one of the most effectual instruments 
@f intellectual edueation.. In page 55 he thus proceeds :—* But 
besides the value of Mathematical Studies in Education, as a perfect 
@fample and complete exercise of demonstrative reasoning; Mathe- 
Matical Truths have this additional recommendation, that they have 
Siways been referred to, by each successive generation of thoughtful 
end cultivated men, as examples of truth and of demonstration; and 


have thus beco : 
Sb. ose standard points of reference, among cultivated men, 


a they speak of truth, know 
matics has not only a disciplinal Ra or = ae = 
peculiarly the case with those portions of Mathematics which we have 
geometrical proof adduced in illustration of the 





















on this subject, tf 

trical proof one of the main sub-! 

‘the most recent of such speculations, as: : 

t and his contemporaries. The recollection’ — 

Geometry has, in all ages, given a meanin” 

‘attempts to explain man’s power of arrivings © 

of Mathematics have, in like manner, — 

among educated men, of man's powers 7 
“of attaining truth.” 

“Dr. Pemberton, in the preface to his view of Sir Isanc Newton’ (aa 
Discoveries, makes mention of the circumstance, “that Newton] : 
0 sper regret of ingnistake, at the beginning of his %.. E 
in having applied himself to the works of Des . 
and other Algebraical writers, before he had considered the Elemé 
of Euclid with the attention they deserve.” 

“fo these we may subjoin the opinion of Mr. John Stuart Mil, 
which he has recorded in his invaluable System of Logic, (Vol. U. 
p. 180) in the following terms. “The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physic!oz). 
society, government, &o.) consists in the applicability not of its o% 
trines, but of its method. Mathematics will ever remaiy the 
perfect type of the Deductive Method in general; and the applicauions 

of Mathematics to thesimpler branches of physics, furnish the on'y 
ae school in which i ean effectually learn the most difficu't 


and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
~ complex. ‘These grounds are quite sufficient for deeming mathemati 


‘eal training an basis of real scientific education, an¢ 
aes regarding, with Plato, one who is adyemmitpnro® as wanting in one of 
the most essential qualifications for the successful cultivation of; the 
‘ . 
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remarked, that the new 
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Geometrical method& 
both for Honors and 
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EUCLID’S 
\ ELEMENTS OF GEOMETRY. 





BOOK I. 
DEFINITIONS. 


L 

A porn is that which has no parts, or which has no magnitude. 
IL. 

\ line is length without breadth. 


’ IIL. 


» The extremities of a line are points. 
IV. 
YA straight line is that which lies evenly between its extreme points. 
os 
A superficies is that which has only length and breadth. 
Vi 
The extremities of a superficies are lines. 
VII. 


A plane superficies is that in which any two: 
Hiriight line between them lies wholly in that fence ee 


Vu. 


A plane angle is the inclination of two li each other i 
’ Plane, which meet together, but peas pool in ‘he eal noe ote 


ea IX. 
4 plane rectilineal angle is the inclination of two straight lines to 





ny one another, which meet together, but are not in the same straight line. 
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DEFINITIONS. 8 


XV. 
A circle is a plane figure contained ag which is called the : 
elroumference, and is such that all straight lines drawn from a ce! 
peint within the figure to the cireumference, are equal to one h 









XVL 
And this point is called the center of the circle. 


XVIL 


A diameter of a circle is a straight line drawn through the center, 
aad terminated both ways by the circumference. 


XVIIL. 


A semicircle is the sy contained by a diameter and the part of 
‘Se circumference cut off by the ronson at 


{ 


XIX. 
The center of a semicircle is the same with that of the circle, 
fae 
_ Rectilineal figures are those which are contained by straight lines, 
| XXL ae 


figures, or triangles, by three straight lines, ic as 


Citra by four snight Hine, 
























XXXII. ae 
A rhombus has all its sides equal, but its angles are not right angles. 
ae 


ul 








XXXIIL 
A rhomboid has its epposite sides equal to each other, all its 

sides are not equal, nor its angles right angles, ‘ pede» 
oi XXXIV. Nee 

‘ other four-sided besides these, are called Trapeziums. 

which has a right angle. - — . 
eT Parallel straight lines are such as are in the same plane, and which e. 
ha heing produced ever so far both ways,do notmeeh 
at k 


of which 





A parallelogram is a four-sided 
: and the diameter, or 
two of its opposite angles. 
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equate be ken fom uoequas the remainders are age 





[ Things which are double of the same, are equal to one another, 


be 2 5h, VII 
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same, are equal to one another. 








VIL. 

Kane ey is, which exactly 
°Gieg coincide with one another, that is, w 
cerita 

‘The whole is greater than its part. 
fain 2360: 3 a. 
~ ipwo straight lines cannot enclose a space. 
XL. 
agile ‘are equal to one another. 


” the two 
a adie’ od = two 
are 


, shall at 


Sete 
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ROOK 1. PROP. I, 11. + 


PROPOSITION I, PROBLEM. : 
To describe an equilateral triangle upon a given finite straight line, 
; _ Let AB be the given straight line. 
It is required to describe an equilateral triangle upon 4B. 


ay the center A, at the distance AB, describe the circle BCD; 
post. 3.) 
from the center /}, at the distance BA, describe the circle ACE; 
nd from C, one of the points in which the circles cut one another, 
draw the straight lines CA, CB to the points A, B. (post. 1.) 
Then ABC shall be an equilateral triangle. 
Because the point 4 is the center of the circle BCD, 
therefore 4C is equal to 42; 15.) 
and because the point B is the center of the circle 4 CK, 
therefore BC is equal to AB; 
but it has been proved that AC is equal to 4B; 
therefore 4C, BC are each of them equal to AB; 
but things which are equal to the same thing are equal to one another; 
therefore 4C is equal to BC; (ax. 1.) 
wherefore 4B, BC, CA are equal to one another: 
and the triangle 4 BC is therefore equilateral, 
and it is described upon the given straight line 4B, 
Which was required to be done. 


PROPOSITION II. PROBLEM. 
From a given point, to draw a straight line equal to a given straight line, 


Let .4 be the given point, and BC the given straight line. 
tt is required to draw from the point A, a straight line equal to BC. 








ae: 


Then ; line AZ shall be equal to BC. 
point B is the center of the circle CG /i, 
re BCis equalto BC; (def. 15. 
and because D is the center of the circle GAL, 
therefore DZ is equal to DG, 
and DA, DB of them are equal; (1. 1.) 
therefore the remainder 4 Z is equal to the remainder BG; (ax. 3) 
but it has been shewn that BC is equal to BG, 
wherefore 47 and BC are each of them equal to BG; 
aad co equal to the same thing are e« ual to one another, 
; the straight line AL is equal to BC. (ax. 1.) 


) { : the given int d,a t line 4 Z has been draw 
LS ey i aa straight tne BC. ; 


Fhich was to be done. 
PROPOSITION Ill. PROBLEM, 
From the greater of two given straight lines to cut off a part equal to Ne ies 
Let 4B and C be the two given straight lines, of which 4) ws the 


It is required to cut off from 4 B the greater, » part equal to C, the Jews. 
D 








the straight line 4D ual to C; (1.2) 
and from the center 4, at the distance 4D, athe the circle DBF 
in the point E. 


r ual to 4D; Cth) : 

straight line C is equal to 4D; (constr. 

ei C are each of them bcp y ‘e D J , 
wherefore the straight line AE is equal to C. (ax. |- 

___ And therefore AB the greater ae straight lines, a part / F 

has been cut off equal to C, the less. Which was to be done. 


H 
S 
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BOOK I. PROP. IV, V. 9 


Then shall the base BC be equal to the base EF; and the triangle 
ABC to the triangle DEF; and the other angles to which the ep 
sides are opposite shall be equal, each to each, viz. the angle ABC’ to 
the angle DF, and the angle ACB to the angle DFEZ. 


A D 
For, if the triangle 4 BC be applied to the triangle DEF, 
so that the point 4 may be on D, and the straight line 4B on DB; 
then the point B shall coincide with the point Z, 
because AB is equal to DE; 
and AB coinciding with DE, 
the straight line 4C shall fall on DF, 
because the angle BAC is equal to the angle EDF; 
therefore also the point C shall coincide with the point %, 
because AC is equal to DF; 
but the point B was shewn to coincide with the point B; 
wherefore the base BC shall coincide with the base EF; 
because the point B coinciding with FZ, and C with F, 
if the base BC do not coincide with the base ZF, the two straight lines 
BC and EF would enclose a space, which is impossible. (ax. 10.) 
Therefore the base BC does coincide with ZF, and is Me to it; 
and the whole triangle 4BC coincides with the w triangle 
DEF, and is equal to it; 
so the remaining angles of one triangle coincide with the remain- 
ing angles of the a and are equal to them, 
viz. the angle A BC to the angle DEF, 
and the angle ACB to DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 


PROPOSITION V, THEOREM, 

The angles at the base of an isosceles triangle are equal to each other; 
wad if the equal sides be produced, the angles on the other side of the base 
shall be equal, 

Let ABC be an isosceles triangle of which the side 4 B is equal to AC, 
and let the equal sides 4B, AC be produced to D and B. 
Then the angle ABC shall be ual to the ang ACB, 
and the angle DBC to the angle ECB, 

In BD take any point #; 


et from AE the greater, cut off A@ equal to AF the less, (1. 3.) 


and join FC, GB. 
use AF is equal to AG, (constr.) and AB to AC} (hyp-) 
two sides F-A, AC are equal to the two GA, AB, each to each; 
end they contain the angle F.4@ common to the two 





therefore the base FC’ is equa! to the bese GR, (1. 4.) 
: *. and the triangle AFC ie equal to the triangle AB, 
also on he eh gpd a to the remaining ang\e 
a ther, to each, to which the equa! sides are opposi:. 
vk viz. the angle ACF to the angle 4 2, 
and the angle 4 FC to the angle AG. 
And because the whole AF is equa! to the whole 4@, 
of which the AB, AC, are equal ; 
therefore the remainder BF’ is equal to the remainder CG; (ax. 3 
and FC has been proved to be equal to GB; 
hence, because the two sides BF, FC are equal to the two CG, GB 
each to each ; 
and the angle BFC has been proved to be equal to the angle (VB, 
also the BC is common to the two triangles BFC, CGB; 
RP et Ped these triangles are equal, (1. 4.) 
"Stee angles, each to each, to which the equa! sides 
P } 
ve Adieefore the angle FBC is equal to the angle @CB, 
389 and the angle BCF to the angle CLG. 
And, since it has been demonstrated, 
‘ Po the ge nod is equal to the whole 4 CF, 
0 ich, the angles CBG, BCF are also equal; 
therefore Be cy setae 4 Cuseaualtothe remaining angie {° B 
___ whieh are the les at the base of the triangle ABC; 
and it has also a 
that the angle FBC is equal to the angle GC! 


which are the angles apes the other side of the bese- 
angles at the base, &e. QF). 
Con. Hence an equilateral triangle is also equiangs\t 


ih PROPOSITION VI. THEOREM. oor 
Uf too angles of a triangle be equal to each other ; the sides aiso whi’ 
ne ‘are opposite to, the equal angles, shall be equal to one one” 
ob riangle having the angle A BC equal to the angle 4 
za ee Nes taba a Babel 6o coos tbe wie AC 


A 





* 8econdl 
» Giangle 4 


BOOK I, PROP. VI, VIL ll 
For, if 4B be not ee 
f them is greater e other. 
omeaible, let AB ter than AC; 


If possible, let 4B be : 
snd from BA cut of BD equal to C the less, (1-3) and join DC 
Then, in the triangles DBC, A BC, 
because DB is equal to AC, and BC is common to 
the two sides DB, BCare equal to the two sides AC, CB, each to each; 
and the angle DBC is equal to the angle ACB; (hyp-) 
therefore the base DC is equal to the base AB, (1. 4.) 
and the triangle DBC is equal to the triangle ABC, 
the less equal to the greater, which is absurd. (ax. 9.) 
Therefore 4B is not unequal to AC, that is, AB is equal to AC. 
Wherefore, if two angles, &c. Q.E.D. 
Cor. Hence an equiangular triangle is also equilateral. 


PROPOSITION VIL. THEOREM, 

Tpon the same base, and on the same side of it, there cannot be two 
tricugles that have their sides which are terminated in one extremity of the 
boos, equal to one another, and likewise those which are terminated in the 
v r extremity. 

if it be possible, on the same base 4B, and upon the same side of 
it. let there be two triangles 4 CB, 4.DB, which have their sides CA, 
D4, terminated in the extremity 4 of the base, equal to one another, 
and likewise their sides CB, DB, that are terminated in B. 

ep 


Aa B 
Join CD. 
First. When the vertex of each of the triangles is without the 
other triangle. 
Because 4 C is equal to 4D in the triangle ACD, 
therefore the angle ADC is eqnal to the angle 4CD; (1. 5. 
but the angle 4 CD is greater than the angle BCD; (ax. rR 
therefore also the angle ADC . than BCD; 
much more therefore is the angle B —— than BCD. 
Again, because the side BCis equal to BD in the pag BCD, 
therefore the angle BDC is equal to the angle BCD; 
but the angle BDC was proved greater than the angle 
» hence the angle BDCis both equal to, cod grein eas Saree 
which is impossible. 
ie Let the vertex D of the triangle 4.DB fall within the 





(| ‘ -EUCLID’S ELEMENTS. 


a Produce 40 to E, and AD to F, and join CD. 
Then because 


Ns Th use AQ is equal to AD in the triangle ACD, 
therefore the angles LC FBC upon the other side of the base Cp, 
art one another; (1. 5. 


ee : ) 
Sa the angle HCD is greater than the angle BOD; (ax. 9.) 

Pot Suitll i than the angle BCD; 
much more then is the angle BD ter than the angle PCD. 

i Again, because BC is equal to BD in the triangle BCD), 

i therefore the angle BDC is equal to the angle BCD, (t 5 ) 

l but the angle BDC has cg gates greater than BCD, 
f fore the angle BDC is equal to, and greater than the 
FH a CD; which is impossible. 

Thirdly. ‘The case in which the vertex of one triangle is up. 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same side of it, Ko. Qr.p 


PROPOSITION VIII. THEOREM. 


ps ae triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which ts 
tained by the two sides of the one shall be equal to the angle contained by 
the two sides equal to them, of the other. 
| Let ABC, DEF be two triangles, having the two sides 42, 4(, 
es I to the two sides DE, DF’, each to each, viz. AB to DE, and 
i 'C to DF, and also the base BC equal to the base EF. 


A DG 
_ Then the angle BAC shall be equal to the angle EDF. 
For, if the triangie ABC be applied to DEF. 
so that the point B be on £, and the straight line BC on EF; 
i ; then because BC is equal to BF, (hyp.) 
| ___ therefore the point C shall coincide with the point F’ 
wherefore BC coinciding with EF, 

___ BA and AC shall coincide with ED, DF; 
if the base Foe with the base EF, but the sides BA, 4G 

yo aaa the sides ED, DF, but have a different situaor 


Heres chnemg and upon the same side of it, there ©” 


ve their sides which are terminated in one 


} 












. 


base, equal to one another, and likewise those sides 
ited in the other extremity; but this isimpossible. (!-7-) 
F re, if the base BC coincide with the base EF, 
the sides BA, AC cannot but coincide with the sides ED, DF; 
rise the angle BAC coincides with the angle ED, aa¢ 


ea 8) 
ae 








two triangles have two sides, &c. Q.£.D. 


BOOK I. PROP. IX, X. 13 


PROPOSITION IX. PROBLEM. 
To bisect a given rectilineal angle, that is, to divide it into two equat 
angles. 


Let BAC be the given rectilineal angle. 
It is required to bisect it. 


AM. 
Y 


In AB take any point D; 
from AC cut off AE equal to AD, (1. 3.) and join DE}; 
on the side of DE remote from A, 
describe the equilateral triangle DEF (1. 1), and join AF. 
Then the straight line AF shall bisect the angle BAC 
Because AD is equal to AZ, (constr.) 
and AF is common to the two triangles DAF, BAF; ~ 
the two sides DA, 4 F, are equal to the two sides LA, AF, each to each; 
and the base DF’ is equal to the base EF: (constr.) 
therefore the angle DAF is equal to the angle BAF. (1. 8.) 
Wherefore the angle BAC is bisected by the straight line dF. @E.F. 


PROPOSITION X. PROBLEM. 
To bisect a given finite straight line, that is, to divide it into two equab 
parts. 
Let AB be the given straight line. 
It is required to divide AB into two equal e 
Upon AB describe the equilateral triangle ABC; (1. 1.) 
c 


Z\ 


. os. @ 
and bisect the angle ACB by the straight line CD meeting AB in the 
point D. (I. 9.) é 
Then AB shall be cut into two equal in the point D. 
Because A C is equal to CB, (constr.) 
and CD is common to the two triangles ACD, BCD; 
the two sides .4C, CD are equal to the two BC, CD, each to each; 
and the angle 4 CD is equal to BCD; (constr.) 
therefore the base .4D) is equal to the base BD. (1. 4.) 
Wherefore the straight line .4B is divided into two equal parts in the 
point D. @.x.p. 


~*~ ie 


Se 


PROPOSITION XI. PROBLEM. 
‘Tet AB be the given straight line, and Ca given point in it. 
Wis requi Ne teeeight line from the point Ca: sigs 
angles to ; 


i B 


_ In ACtake oe D, and make CE equal to CD; (1. 3.) 
upon DE describe the y eee triangle DEF (1. 1,) and join CF 
Then CF drawn from the point C,shall be at right angles to 43 
Because DC is equal to EC, and #'C is common to the two tian. 
DCF, BCP; 
the two sides DC, CF are equal to the two sides EC, CF, each tu each 
; and the base DF is equal to the base EF; (constr.) 
therefore the angle DCF is equal to the angle ECF: (1. 8.) 
haga y and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line make 
ith another straight line, are equal to one another, each of them 
Ned a right : (def. 10.) 
therefore each of the angles DCF. ECF is a right angle. 
“Wherefore from the given point C, in the given straight line 44 
FC has been drawn at right angles to 4B. a.k.r. 
. By help of this problem, it may be demonstrated that twe 
i t lines cannot have a common segment. ; 
if it BO aa let the segment A.B be common to the two straigh! 
ABC, ABD, 





From the point B, draw BE at right angles to 4B; (1. 11.) 

ey then because 4 BC is a straight line. 

i Seyneae rome is rey to the angle BBC. (def. 10.) 

ee , because A is a straight line, 

therefore the angle 4 BZ is equal to the angle EL); 

as but the angle 4 BE is equal to the angle EBC, 
__wherefore the angle EBD is equal to the angle EBC, (ax. 1) 

eee the’ 0 the greater angle, which is impossible. 









— 
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BOOK I. PROP. XIt, XIII. 15 


Let AB be the given straight line, which may be produced «ny 


to draw a straight line 


} both ways, and let C'be a Point ond eo 


Tt is requ 


point C. e 


E 
A % 
r~ —_G 
D 


Upon the other side of AB take any point D, 
and from the center C, at the distance CD, describe the circle EGF 
meeting 4 2, produced if necessary, in Fand @: (post. 3.) 
bisect FG in H (1. 10.), and join CH. 
Then the straight line CH drawn from the given point C, shall be 
perpendicular to the given straight line 4 B. : 
Join FC, and CG. 
secause FH is equal to HG, (constr.) : 
and HC is common to the triangles FHC, GHC; ae 
the two sides FJ, HC, are equal to the two GH, HC, each to each; ~ 
and the base CF is equal to the base CG; (def. 16.) 
therefore the angle FHC is equal to the angle GC; im} 


and these are adjacent 
But when a straight lihe standing on another straight 


the adjacent angles equal to one another, each of them is a é 
and the straight line which stands upon the other is called a : 
dicular to it. (def. 10.) ' 

Therefore from the given point C, a perpendicular CH has been 
drawn to the given straight line 4B. Q.E.P. 


PROPOSITION XIII THEOREM. 
The angles which one straight line makes with another upon one side o* 
it, are either two right angles, or are together equal to two right angles, , 


Let the straight line 4B make with CD, upon one side of it, the 


angles CBA, ABD. 
1 Then these shall be either two right angles, 


or, shall be together, equal to two right angles. 


E : 
A / 
Dia ben D je 


For if the angle (BA be equal to the angle ABD, 
angle. (def. 10. 


each of them is a right 


) 
towne le Ca be not eye to ae 2a © 
2 point B draw at right angles to = 
Then the angles CBE, EBD are two right (ee 10 








And because Y le CBE is equal to the angles CBA, 42 » 


1dd ee veal seg nals ; 
therefore the angles CBE, EBD are equal to les 
eR 
l because | equal to the two angles DBE. 
add to each of these equals the angle ABC; — 
cane ries oe DBA, ABC are equal to the three angles Dijp 
PS. sah bt le CBE, EBD have been proved equal to the ss 
and things which are to the same thing are equal to one anor! 
therefore the angles CBE, EBD are equal to the angles DBA, 4) 
2 but the CBE, EBD are two right angles ; 
| ose or gama BA, ABC are together equal to two right ang 
| ; Wherefore, when a straight line, &e. QED. 






PROPOSITION XIV. THEOREM. 

If at a point in a straight line, two otner straight lines, wpon the oppo + 
sides of it, make the adjacent angles together equa Seite angles; t 
these two straight lines shail be in one and the same straight line, 

At the point Bin the straight line 4B, let the two straight in 
ee ae the opposite sides of AB, make the adjacent ang! 
Al ABD together equal to two right angles. 

‘hen BD shall be in the same straight line with BC, 









A 


tn! 


Sr gE 
c B D 


For, if BD be not in the same straight line with BC 
fg ee let BE be in the ome ack line with it. 
discalore AB meets the straight line CBE; 
x 16a cee eat eagion CBA, ABE are equal to two right anglesy 
| Peony é CBA, ABD are equal to ight angles; (hyp-) 
: (xl) gles CBA, ABE are equalto the angles CBA, ABD* 


take away from these equals the common angle C34. 
therefore the remaining ange BE is equal to — remaining angle 
equal to the greater, which is impossible: 

B is not in the same straight line with BC 







get ting with it bus BD, which therefore is 


+ rt 







ves demonstrated, that no - 





PROPOSITION XV 


yoOK I. PROP. XV, XVI- ig 
, THEOREM. 
the vertical, OF opposite argles 


If two straight lines cut one another, 


phaill be equal. 


Tat the two straig 


sole CEB wo the angle AED. 


fannie ast 


Pecause the straight line 


A 7 
Y 


dD 


sdiecent angles CEA, A ED; 


hese angies are toge 


ht lines 4B, CD cut 0 
hen the angle AC shall be equal 


c 


other in Set B. 
aie angle DEB, and the 


AE makes with CD at the point B, the 


ther equal to two right angles. bt 
gain, because the straight line DEB makes with AB at Bz, 
ydjacent angles 4 ED, DEB; 
these angles also are equal to two right angles; ' 
Dor the angles CEA, AED have been shewn to be equal to two right | 


3.) 


Opr. 1. 


other, the angles which they m 


. her equal to four right angles. 


yR. 2. 


& "1 > Py v4 
r t of lines meeting in one point, are 


Bins. 


xd the remaining angle CBA is eq 


ln the same manner it may 
ual to the angle 4 ED. 
Therefore, if two straigh 


« i the angles CRA, A EDare equal to the engin LED EEO e 
ual to the remaining 


take away from each the common angle 


From this it is manifest, t 


be demonstrated, that the angle CEB 


t lines cut one another, &c. Q.E.D. 


hat, if two straight lines cut each 


ake at the point where they cut, are 


And consequently that all the angles made by any num- 


PROPOSITION XVL. 


together equal to four right 


THEOREM, 


Sone side of a triangle be produced, the exterior angle ws greater than 
#ither of the interior opposite angles. 


Let ABC be a triangle, 
nd + Then the exterior angle AC 
Epterior opposite angles CBA or BAG. 


or! a 
ott oe 


Se & , 
. = | 


A 


r 


and let the side BC be produced to D. 
D shall be greater than either of the 


—_—" D 


B c 


Bisect 4 C in Z, (1. 10.) 


0 cia a &e. Q.E.D. a ’ = praduee BB to F, making RF eq 


G 


ual to 


opie fi 8) and jom FC 


18 EUCLID’s ELEMENTS. 
Because AF is equal to EC, and 
Aiisitwo sides 42, BP aro equal to the two CS, or, Co) 
ie tangles aH, om to the two CE, EF, each to each, 
and the angle A ZB is equal to the angle CEF. 
er use they are opposite vertical a (1. 15.) 
erefore the base J is equal to the base CF. (1. 4.) 
ae and the triangle 4 ZB to the triangle CEF, 
eee angles of one triangle to the remaining angles of 
other, each to each, to which @ equal sides are opposite; 
fe yi moon the angle BAZ is equal to the angle FE y, 
it ee ECD or ACD is greater than the angle /:1'F; 
a Ar oy ae angle 4 CD is greater than the angle Bi E or 1) A¢ 
In same manner, if the side BC be bisected, and 4 C be pro 
~duced to G; it may be demonstrated that the angle BCG, that is, « 
sngle ACD, (1 15.) is greater than the angle ABC. ; 
erefore, if one side of a triangle, &c. @. B.D. 


wh 


PROPOSITION XVII. THEOREM. 


Any two angles of a triangle are together less than two right angles, 


_ Let ABC be any triangle. 
Then any two of its angles together shall be less than two right anges 


° A 
BR c D 


Produce any side BC to D. 
Then because 4 CD is the exterior angle of the triangle 4 BC; 
therefore the — ACDis greater than the interior and opposite angle 
ABC; (I. 16.) 
to each of these unequals add the angle ACB; 
therefore the angles 4 CD, ACB are greater than the angles ABC, 


ACB; 
but the angles ACD, ACB are equal to two right angles; (I. 13.) 
therefore the | ABC, ACB are less than two right angles. 
like manner it may be demonstrated, ; 
that the angles BAC, 4 CB are less than two right angles, 4 
as also the angles CAB, ABC. : 
Therefore any two angles of @ triangle, &e. Q.E.D 


4 


PROPOSITION XVIII. THEOREM. 


ty 


‘The greater side of every triangle is opposite © the greater angle, mee 


eer of which the side 4C is greater than 


Phin 


"3 


4 


poOK 1. PROP. XVIL1-—X4- 


Then the angle ABC shall be greater than the angle 4CB. 


Since the side AC is greater than the side 48, (oye) 
make AD equat to AB, (1. 3.) and join ae 
Then, because A D is equal to 4B, in the triangle « ~ 
therefore the angle 4 BD is equal to the angle ADB, (1. 5.) 
mut because the side CD of the triangle BDCis produced to Ae 
therefore the exterior angle oo is greater than the interior 
opposite angle DCB, (1. 16. 
t r 3 has been proved ual to the angle ABD, 
it A angle ADE p whet o 
angle A 





therefore the angle 4 BD is greater 
wherefore much more is the angle A BC greater than the 
Therefore the greater side, &c. Q.E.D. 








PROPOSITION XIX, THEOREM. ae 

ihe greater angle of every triangle is subtended by the greater side, or, 
as the greater side opposite to it. ue 
ABC be a triangle of which the angle ABC is greater than the — 


BCA. 
: the side AC shall be greater than the side 4B. 


pt ee 


For, if AC be not greater than 4B, 
AC must either be equal to, or less than 4B; 
if 4 C were equal to AB, 
ABC would be equal to the angle ACB; (1. 5.) 
but it is not equal; (hyp. 
therefore the side AC is not equal to AB, 
Again, if AC were less than AB, 
on the angle AC would be less than the angle ACB; (1. 18.) 
but it is not less, (hyp.) 
therefore the side AC is not less than 4B; 
and AC has been shewn to be not equal to AB; 
therefore 4 Cis greater than 4B. 
Wherefore the greater angle, &e. Q.E.D. 


7 then the angle 









” 


"|  __ PROPOSITION XX. THEOREM. 
oe Any Wa6 sides of o triangle are together greater than the third wide, 


Let ABC be a triangle, 
any two sides of it together shall be than the third side, 
vit. the sides B.A, 4 greater than the side BC; 


pooK I. PROP. XXI, XXII. 





4 ae Y . 2 rene , : : ? 
Ge rte WMO Ct grocer then 2 = B. (ax. 4.) 
; LB ee, fore the sides CE, EB are greater than CD, DB. tex, 
and BC, Ca greater than AB. | But bes hw ‘chews that Ba AC are greater than BE. EC; 
4 i much more then are BA, AC ter than BD, DC. 


a | a Agnin, because the exterior wey a triangle is greater than the 
interior and opposite angle; (1. 16. é i 
Pag therefore A exterior angle BDC of the triangle CDE is graeter 


B Cc a : : ‘ 
than the interior and opposite angle CED; ; 

Produce the side BA to the point D, 7 for the same bree, the exterior angle CED of the triangle ABE 

make 4D equal to AC, (1. 3.) and join DC. ig greater than the interior and opposite angle BAC; 

Then because AD is equal to AC, (constr.) it has been demonstrated, 





that the angle BDC is greater than the angle CEB; 
more therefore is the angle BDC greater than the angle BAC, 
Therefore, if from the ends of the side, &c, Q.E.D. 


“4 
= 
Me 
: 
3 
g 
ig 


Foals angle ADC; (1. 5. 
but the = hy te Pr ange ACD Ay a} 
therefore an greater th I J 
vn ak Weekide tn the wis — 


z 


PROPOSITION XXII. PROBLEM, 

























the angle BCD is greater than the angle BDC, ei 
and that the nee angle is subtended by the greater side; (1. 1.) Dre mats 0 triangie of which the sides shall be equal to three given 
there sign re DB is greater than the side BC; a Srwight lines, but any two whatever of these must be greater than the third. 
€ ut is equal to BA and AC, Let A, B, C be the three gi i i 
J B Let A, B, given straight lines, 
Se deemeamaeer h way be Someone bie er oe aaa 
that the sides 4 2B, BC are greater than CA; K ; re en c Oren B , 
also that BC, CA are greater than 4 B. = » aes and Band  geoeter than a 
Therefore any two sides, &e. Q. B.D. se is ired to make a triangle of which the sides shall be equal 
; A, B, C, each to each. 
PROPOSITION XXI. THEOREM, : K 
If from the ends of a side of a triangle, there be drawn two strange hey ato 
lines to a point within the AR these shall be less than the other ts . at 
sides of the triangle, but shall contain a greater angle, aie Goon " WS pee 
Let ABC be a triangle, and from the points B, C, the ends of 4 cy \o Sie 
side vie de the ag straight lines BD, CD be drawn to « point 2 ak cht Hine DE a 
ik: ake « straight line 2 termi t th i 
Then BD and DC shall be less than BA and AC the other twe peda E ’ erminated at the point D, but unlimited 
iinet the tri Seepmeke DF equal to A, FG equal to B, and GH equal to C; (1. 
‘put contain oi BDC greater than the angle BAC. from 3) center F, at the distance FD, deseribe the aes Gre, 
; A on from the center G, at the distance GH, deseribe the ci 
Ee ie ’ a, K where the circles cut each other,draw AF, KG pose vi 
; ; When the triangle KFG shall have its sides thee 
j - [ , ight lines 4, B,C Maia hak “sy 
a eens ' ne use the point F is the center of the circle DK. 
bs ‘ ge the side ACin E. 7 Dj Tn 
can png ee NP a grea Tha FD is equl the ersigh ine dy 
the two brs , AE of the triangle ABE are greater therefore FE ia equal seals ; re 
s Again, because @ is the center of the circle HKZ, 


va et i Bis unequals add EC; es ; 
, sities AC are greater than BE, EC. (ax. 4) 
is ED of the triangle CED 


. of these unequals ; 


therefore GH is equal to GK, (def. 
dae 
is equal to C. 
, ae ro is ogual 


22 EUCLID’S ELEMENTS. 


prop. XXIV, XXV. 


hn te eh gee KE FO, CK, mn aac a 
and th hake: 7 C3 € DF, let DE be not greater that! A 
tcc gm ig , apleae its three sides KF, FC, > ey -aietng ey a DE, and on the same side of it as DP. 
4,3,G ony. ca si make the angle EDG equal to the angle BAC; (1. 28 


make DG equal to 


DF or at C, 5) and join EG, 
8 i to , ani 
Then, because DE is eq adage) ppp — 


PROPOSITION XXIII. PROBLEM. ¥ 
At a given point in a given straight line, to mak be two sides DE, a - ual to ~ ro AB. e BAC; 
equal to a given rectilineal angle, @ rectilinea! i the angle EDG is equa 0 
e ry herefars the base EG is equal the base na 
’ AB straight line And because DG is equal to DF in the triangle " 
Nd Ae figs ath ov give Pa the given point in it, tuarefore the angle DFG is equal to the angie DGF; (1. 5. 
It is required, the gi = i eal angie. : but the angle DGF is greater than the angle EGF; (ax. 9. 
make le hy ven point A in the given straight line 4] | therefore the angle DFG is also greater than the angle ; 
ccniiting be equal to the given rectilineal angle J): & "Yauch more therefore is the angle EFG greater than the angle EGF. 
' And because in the triangle BFG, the angle EFG is greater than 


the angle EGF, 5 
ter angle is subtended by the ater side; (1. 19.) 


© a : 
; end that the gre® 
/ ' therefore the side EG is greater than the side EF; 
B f 6 but EG was proved equal to BC; 
D \ therefore BC is greater than EF. ~ 
“ : Wherefore, if two triangles, &e. @-%-D. 


ea hee ce egy noints D, B, and join DE; : PROPOSITION XXV. THEOREM. 

2 , make the triangle 4 "G, the sides of which shall be equa! triangles ‘ equal sides other 

to the three straight lines CD, DE, EC, so that 4 F be equa pega but ae 00 te wae me Pe owe of Pipe ve eas 
sto so i by the vides of the one which has the greater base, shall 






D, a = a FG to DE. (1. 22.) be 
Then the e FAG shall be equal to the angle DCE. er than the angle contained by the sides 1 to them, 
Because /'d, AG are equal to DC, CE, each to each, qn = . ee me: er i rs 
and the base F'G is equal to the base DE: ‘Let ABC, DEF be two triangles which have the two sides 4B, AC, 
therefore the angle FAG is equal to the angle DCE. (1-8) age two sides DE, DP, each to each, namely, AB equal to 
Wherefore, at the given point 4 in the given straight line AB, thane | DE, and AC to DF; but the base BC greater than the base EF. 
CE. arr % e. Then the angle BAC shall be greater than the angle EDF. 


angle FAG is made equal to the given rectilineal angle D 


A 
PROPOSITION XXIV. THEOREM. ‘ ‘ 
SII aan se side of the one onal to feo rides Of She TEES ’ 
Es each, but tha angle contained by the two sides of one of them greater ' 
than the angle contained by the tio vides eqwal 1, Shor of the other ; Um : 
base of that which has the greater angle, shall be greater than the eat & Ty E 
For, if the angie BAC be not greater than the angle EDF, 
it must either be equal to it, or less than it. : 
If the angle BAC were equal to the angle EDF, 
then the base BC would be equal to the base EF’; (1. 4.) 
but it is not equal, (hyp.) 
therefore the angle B.A C is not equal to the EDF. 
again, if the angle BAC were less than the angle EDF, 
the base BC would be less than the base +; . ) 








of the 
Let ABC, DEF be two triangles, which have 
AC, equal to the two DE, DF, each to each, namely, 
DE, and ACto DF; but the angle BAC greater than the <2 EDF. 
‘Then the base BC shall be greater than 
D 


the base 







> Bes but it is not less, 
| SS / a \ ches tana pe act ae 
: pees es St 
; BAC is than. 
if two tangles &e. — 





pu0k & ~FKOR. XXVI, XXVLI. 






A 





ON XXVI. THEOREM. 


‘tities ey 
| , each to each, and one 9 ale Pg ne equal to two anoirs of \ 
, iz. either the vides ; 
E 


t vides ad 
B nc 


cent to the 
other sid ka in 
to the third angle o — ool deat pel cope to them; the 
; bey angle of the ‘other. J the third angle of eye all, 
yy sig DEF be -two a For if BC be not equal to EF, |, 
ie triangles i one of them must eater than the other. 
to DEF. pe rg DEP, TED wh bare the. angles 4) If possible, let BC be greater than EF; 
Fics ot thoes aide FD; also one si © cach, namely, 4 make BH equal to EF, (1. 3.) and join AH. 
equal sides be equal which _ to oneside. ~~ Then in the two triangles ABH, DEF, 
nal in the two tri name] are adjaceut to the a> because AB is equal to DE, and BH w EF, 
D. mf other sides be ly, BC to LF. angling fe and the angle AB H to the angle DEF; (byp-) 
and AC to DF, and the Arad pon each to each, me: iy therefore the base 4 1/ is equal to the base DF, (I. 4.) 
angle BAC to the third any go and the triangle ABH tw the triangle DEF. 
ange ADE ,d the other angles to the other angles, each to each, to which tne 
al sides are opposite ¢ 
to the angle EFD, 


A 
equ 
therefore the angle BIA is equal 
‘D is equal to the angle BCA; (h p-) 
1 to the angle BCA, ies. 


bd 
e G 
but the angle EF 
therefore the angle BILA is equa 
; Cc that is, the exterior angle BHA of the triangle AHC, 8 
equal to its interior and opposite an le BCA; 
which is impossible ; (1. 16) 
( is not unequal to EF, 


wherefore B 
i al to EF. 








*nive* > * 
we =f rh set aot be not equal to DE, 
‘wh Sexe Tt ono <ger] — than the other, that is, BCis equ 
a make BG equal to E greater than DE, Hence, in the triangles 4 BC, DEF; 
oa ee in the 0 ED, (1. 3) and join GC because AB is equal to DE, and BC to EF, (hyp) 
ge aan pela am two triangles GBC, DEF, og and the included angle AB Cis equal tothe includedangle 'F ; (hyp-) 
‘the two is equal to DE, and BC to £ na therefore the base ACis equal to the base DE. 1 Ho = 
‘g GB, BC are equal o EF, (hyp.) ? E 5 
eee the qual to the two DK, EF, coat bo oni and the third angle BAC to the third angle EDF. 
a Re sore the wy is equal to the angie DEF; ; Wherefore, if two triangles, &c. Q. B.D. 
and the triangle Zia egal to the bese DP (t- &) ae 
and the other angles te he C to the triangle DEF, PROPOSITION XXVIII. THEOREM. 
- the Te ecinite: other angles, each to each, to which ' . wins ig - two other vy ree make. tee alternate 
get: the : ie ang to each of ; these two stray be i. 
om ACB ng +a, _ to —— DFE; Let the straight line EF, which falls is the two straight lines 
ypothesis, equal to the angle DFE; AB, CD, make the alternate angles AEF, ED, equal to one anothes. 
‘Then 4B shall be parallel to CD. 









the angle GCB is 

equal to the angl "RD. 
equal to the greater, which ~ Dea Hs om 1) 
re AB is not unequal to DE, : 





For, if AB be not to CD, 

AB and CD being produced meet, either towards and 
towards B and D. re — & 
and meet, if possible, towards D and Dy 


a eA 
” then @BF isting, = 
Site 
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é F BOOK 1. PRUP. XXIX. 27 
And because a side GF of the triangle GEF is produced to a 
therefore its exterior angle AEF is greater than the interior@an 
opposite angle BIG; (1. 16.) PROPOSITION XXIX. THEOREM. 
: but the — e AFF is equal to the angle EFG; (hyp.) > 
therefore the angle AEF is greater than, and equal io, the ancl D 10 straight line fall upon two parallel straight lines, it makes the alter- 
EFG; which is impossib ee. 8 Hate angles equal to one another ; and the exterior angle equal to the mterior | 
Therefore 4B, CD bein produced, do not meet towards B, D - d opposite upon the same side; and likewise the two interior angles upon | 
i like, nner, it ma 3% demonstrated, that they és eet a he same side together equal to two right angles. 
when produced towards A, C. aR che otraleiit , ioht | 
. : fet the straight line EF fall upon the parallel straight lines A B, CD. 
But those straight — the same plane, which meet neither we Then the alternate angles AGH, GH D shall be equal to one another; 
produced ever 80 , are lel to one enother; (def. 30, the exterior angle EGB shall be equal to the interior and opposite 
therefore 4B Is ulel to CD. angle GHD upon the same side of the line EF; 
Wherefore, if a straight line, &c. Q.B.D. end the two interior angles BG-H, GHD upon the same side of EF 


shall be together equal to two right angles. 


PROPOSITION XXVIII. THEOREM. 





a straight line falling upon two other straight lines, make the erter 5 
io the interior and opposite upon the same side of the line; Femme 2 
make the interior angles upon the same side together equal to two ry G\ 
Pos all the two straight lines shall be parallel to one amother. o—— D 
Let the straight line EF, which falls upon the two straight lim | iy > 
AB, CD, make the exterior angle EGD ual to the interior « Pr 
Opposite angle GHD, upon the same side of the line EF; or me st. For. if the angle AGH be not equal to the alternate angle 
the two interior angles BGH, GHD on the same side togetl GHD, one of them must be greater than the other; 
equal to two right angles. if possible, let 4 GH be greater than GHD, 
, YTben 4B shall be parallel to cD. then because the angle 4 GH is greater than the angle GHD, 
E add to each of these unequals the angle BGH; 
therefore the angles AGH, BGH are greater than the angles BGH, 
“ GHD; (ax. 4.) 
be G . hat the angles AGH, BGH are equal to two right angles; (1. 13.) 
. c D herefore the angles BGH, GHD are less than two right angles; 
u < but those straight lines, which with another straight line falling upon 
‘s m, make the two interior angles on be “ae one r baat 
sieht angles, will meet together if continually produced; (ax. 12. 
Because the angle EGR is equal to the angle GIID, (hyp.) therefore the straight lines AB, CD, if produced far enough, will 
fe) and the angle EG is equal to the angle 4 GH, (1. it meet towards B,D; _ zs 
‘4 therefore the angle AGH is equal to the angle GHD; (ax. 1) but they never meet, since they are parallel by the hypothesis; 
} and tney are alternate angles, therefore the angle A GH is not unequal to the angle GHD, 
therefore 4B oped to CD. (1. 27.) oe 4% “en A og * ey to ne ee ee Ot a8) 
; Secondly. Because the angle 4 Gi 1s equ gie ) 
because the angles BGI, GJLD are together equal to y ad the angle 4G. is equal to che angle OlsEdy 


therefore the exterior angle EG@B is equal to the interior and 
dee angle GHD, on the same side of the line. 
___ Thirdly. Because the angle EGB is equal to the angle GHD, 
Yau add to each of them the angle BGH; . 
\herefore the angles EG B, BGH are equal to the angles BGH, GHD; 


. fax. 2.) 
¢ ne EGB BGH are equal to two right angles; (1. 13.) 
therefore also the two Boe. les Ton G on the same side 
~ of the line are equal to two right angles. (ax. lj 
Wherefore, if a straight line, &e, @.5.D. 


t : 
M eo i se gle AGH, BGH are also together equal 
ight angles; (1. 13. 
= gaun NOH, BGH are equal to the angles 
GHD, (ax. 1.) 
take away from these equals, the common angle BGH; 
‘therefore the remaining angle AGH is equal to the remaining 
«GHD; (ax. 3.) 
dn ie eG asad are alternate angles ; 


therefore AB is parallel to CD. (1. 27, 
Wherefore, if « straight line, &c. 0.£.D. Gf 






a 
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PROPOSITION XXX. THEOREM. 





Straight lines which are parallel to the same straight line are parallel, | 


each R 
ati ake LCD, Le cach of th 
ea. cn el BP 


Let the straight line @27K cut AB, EF, CD. 
‘ th because GHK cuts the parallel straight lines 4B, FF, 
: 
: therefore the angle 4G is equal to the alternate angle GHF. (1. 2: 
, because GLK cuts the parallel straight lines BF, Cl), 


Hi; 5 
“therefore the exterior angle @J/F is equal to the interior angle HA /) 
and it was shewn that the —_ AGH is equal to the angle GHF; 
therefore the angle 4GJJ is equal to the angle GAD; 
' and these are alternate angles ; 
therefore 4 B is parallel to CD. (1. 27.) 
Wherefore, straight lines which are parallel, &c. Q.8.D. 


PROPOSITION XXXI. PROBLEM. 
: — line through a given point parallel to a given straigh 
i 


| ~ Let A be the given point, and BC the given straight line. 


It is to draw, through the point A, a straight li 
app ia ug point .A, a straight line paralle 










. ae | 
Re ssf 
An the line BC take me point D, and jo AD: 
tees ‘at the point A in the straight line AD, 


to the ADG, (1. 23.) on the opp 
eo angle ADC, (1. 23.) 


and the straight line BA to F. 
; thon Bi shall be parallel to BC. 
t line AD meets the two straight lines EF, C, 


nate angles FAD, ADC, equal to one 
eer ee. 
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BOOK 1. PROP, XXXII. 
PROPOSITION XXXIL. THEOREM. 
If a side of any triangle be produced, the exterior angle is equal to the 
tro interior and opposite angles; and the three interior angles of every 
\ triangle are together equal to two right angles. 
Let ABC be a triangle, and let one of its sides BCbe produced to D. 
Then the exterior angle ACD shall be equal to the two interior 
find opposite angles CAB, ABC: 
and the three interior angles ABC, BCA, CAB shall be equal to 


two right angles. 





B c ee 
Through the point C draw CE par el to the side BA. (1. 31.) 
Then because CE is parallel to BA, and AC meets them, 
therefore the angle A ( ‘Eis equal to the alternate angle BAC. (L 29.) 
Again, because CE is parallel to AB, and BD falls upon them, 
therefore the exterior angle ECD is equal to the interior and op* 


posite angle ABC; (1. 29.) 
but the angle ACE was shewn to be ual to the angle BAO; . 
therefore the whole exterior angle ACD is equal to the two interior 
and opposite angles CAB, ABC. (ax. 2.) 
Again, because the angle ACD Is equal to the two angles ABC, BAC, 
‘ to each of these equals add the angle ACB, 
therefore the angles ACD and ACB are equal to the three angles 
ABC, BAC, and ACB. (ax. 2.) 
but the angles ACD, ACB are equal to 
therefore also the angles ABC, BAC, 
angles. (ax. 1.) 
Wherefore, if a side of any triangle be produced, &e. Q.E.D. 
Ail the interior angles of any rectilineal figure together 






two right angles, (1. 13) 
ACB are equal to two right 


=. Cor. 1. 
With four right angles, are equal to twice as many right angles as the 
figure has sides. 
r D 
gE c 
+> 
o*. A B 










) For any rectilineal figure ABCDE can be divided into as many 
jangles as the figure has sides, by drawing straight lines from a point 
within the figure to each of its an 


Then, because th three interior angles of a triangle are equal to 
vapry i the has sides, 


Saat te egal to tte at mang 
es as t re has sides; 

- but the same angles of these triangles the interior angles 
2 of the gun’ together with the angles spoint Fr 


— EUCLID’S ELEMENTS. 


eu 
1% spc ig : : 
ee aad the the point F, which is the common vertex of 
Pewee ee i Meany pen aa four right angles, (1. 15. Cor. 2.) 
{ae are the same of these triangles are equal to the an _ 
i ee eee recs: a 
Paw “are proved that the angles of the triangles are equal :, 
qo ; . as many righ angles as the figure has sides ; 

Soe therefore all the angles of the figure together with four right ane, 

i at ings ccanl fe twice as many right angles as the figure has sides 
i teoodnain pf cy exterior re _~ rectilineal figure, made} 
FI i successively im ectio ¢ toge 

| to four right hee Same direction, are tog 

| 


A 


: Cc 
D 
Since interior angle ARC with its adj i 

c r : adjacent ext - 
eABD, is equal to two right angles, (1. 13.) " ae 
therefore all the interior angles, together with all the exterior ang 
are equal to twice as many right angles as the figure has sides ; 
re but it has been proved by the foregoing corollary, that all the 
terior les together with four right angles are equal to twice as m 
night panel re has sides ; 
t interior angles together with all the exterior ang! 
are equal to all the interior angles and four mgit one wah.) ‘i 
H a take from these equals all the interior angles, 
_ therefore all the exterior angles of the figure are equal to four rig 


angles. (ax. 3.) 


. ‘: ma PROPOSITION XXXIIl. THEOREM. 

» The straight lines which join the extremiti land ! 
| emities of two equal an ral 
J 6 ma wt the same parts, are also as pe and fone 
| et AB, CD be equal and parallel straight lines, 
and joined towards the same parts by the straight lines AC, BD, 

j 


Then AC, BD shall be equal and parallel, 
B 



















Cc D 


. AB sntnet DOD a BO 
AB is to CD, ani meets the 
ABC is equal to the alternate angle BOD: tt 
fo ai CD, and BC common to the two tri 
o sides AB, BO, are equal to the two DC, CB. 
ed to be the i 


= 


a: 
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the other angles, each to each, to which the 
ite; 

fore the angle ACB is equal to the angle cBD. 
And Eossnse the weg line BC meets the two straight aaa 
BD, and makes the alternate angles ACB, CED cau one t 
-refore ACi rallel to ; (1. 27, 
3 therefore is pa’ afoot gy” 


end the other angles to 
equal sides are op! 


and AC was shewn to be | 
Therefore, straight lines which, &c. @Q.E.D. 


PROPOSITION XXXIV. THEOREM. 
a porallelogram are equal to one another, 
divides it into two equal parts, 

ich BC is a diameter. . 
cite sides and angles of the figure shall be equal to 
BC shall bisect it 


The opposite sides and angles of 
wed the diameter bisects , that is, 


Let ACDB hea parallelogram, of wh 
hen the opp< 
ene another; and the diameter 


A B 


c D 


Because AB is parallel to CD, and BC meets them, 
cherefore the angle A BC is equal to the alternate angle BCD. (1. 29.) 
And because 4 C is parallel to BD, and BC meets them, 
cherefore the angle 4 CB is equal to the alternate angle CBD. (1. 29.) 
Hence in the two triangles ABC, CBD, 
vuse the two angles ABC, BCA in the one, are equal to the two 
les BCD, CBD in the other, each to each; 


ang 
which is adjacent to their equal angies, common to 


and one side BC, 
the two triangles; 


therefore their other sides are equ il, each to each, and the third angle 


of the one to the thira angle of the other, f 26.) 
namely, the side A B to the side CD, and AC to BD, and the angle 
BAC to the angle BDC. 
And because the angle ABC is equal to the angle BCD, 


and the angle CBD to the angle AC 
therefore the whole angle ABD is equal to the whole angle ACD; 


(ax. 2.) 
and the angle BAC has been shewn to be equal to BDC; 
therefore the — sides and angles of a parallelogram are equal 
one another. 
~ Also the diameter BC bisects it. 
_. For since AB is equal to CD, and 


BC common, the two sides 4B, 


BC, are equal to the two DC, each to each, 
pnd the angle 4 BC has heen proved to the angle BCD: 
therefore the triangle 4 BC is equal to the BCD; (1. 4.) and 
diameter BC divides the parallelogram A two equal parts. 


’ Q.8.D, 


- 


' . 
; 

| - RUCLID’S ELEMENTS. ° 
- 

| 

; 


PROPOSITION XXXV. THEOREM, 
upon the same base, and between the same parallels, 


ad 


zs —— ae 


Parallelograms 
equal to one another. 


Let the parallelograms.4 BCD, 
and between the same parallels vs oa be upon the same base By 


ehoe Hemalsages ABCD shall be equal to the parallelogra 
wy a DE Pr 
podatt: Athi s CC 
_ Ifthe sides 4D, DF of the Nelograms 4 BCD, DBCF, oppow 
to the base BC, be terminated in the same point J); ; 
then it is plain that each of the parallelograms is double of the trang 
iNtierd a te Yai } 
and therefore the e ABCDi ] to the parallelog 
“DBCF. (x. 6) ogram is equai to the para ra 
But if the sides 4D, EF, opposite to the base BC, be not term 
nated in the same point; 
Then, because ABCD is a parallelogram, 
therefore AD is equal to BC; (1. 34.) 
“and for a similar reason, EF is equal to BC; 
{ wherefore 4D is equal to EF; (ax. 1.) 
; “ and DE is common; 
therefore the whole, or the remainder 4 Z£, is equal to the whole, 


the remainder DF ; (ax. 2 or 3.) 
: and AB is equal to DC; (1. 34. 


—- DP F 


a 


. 


b 


a en mmm tl — 


. hence in the triangles EAB, FDC, 
















because FD is equal to EA, and DC to AB, . s 
and eae a FDC is equal to the interior and opposite any 
; 3 (1. 29. 
oe ther the base FC is equal to the base EB, (1. 4.) 
and triangle FDC is ual to the trian le EA B. ' 
From the trapezium 4 BCF take the triangle FDC, 
and from the same trapezium take the trian le BAB, 
ses eee and the remainders are equal, (ax. i 
therefore the 7 lelogram A BCD isequaito the parallelogram EB C/ 
; h upon the same, &c. QED. 


mileriae oy ut 5 4 ‘ 
PROPOSITION XXXVI. THEOREM. 


aot 


upon equal bases and between the same ore 
re elograms upon equal bases BC, Fe 
AH, BG. xe 
ABCD shall be equal to the a i 
i 


BOOK 1. PROP, XXXVI, XXXVIL 


A DE a 


B c F ce] 


Join BE, CH. 
ren because BC is equal to FG, (hyp.) and F@ to Ed, (1. 34.) 
therefore BC is equal to EH; (ax. 1.) 
} these lines are parallels, and joined towards the same parts by the 
atraight lines BE, CH; 
but straight lines which join the extremities of equal and parallel 
graight lines towards the same parts, are themselves equal and parallel ; 
1. 33. 
therefore BE, CH are both e ual and parallel ; 
wherefore EBCH isa caralielogats: def. A.) 
And because the parallelograms 4 BCD, EBCH, are w 
same base BC, and between the same parallels BC, AH; 
herefore the parallelogram ABCD is equal to the parallelogram 
CH. (1. 35.) Fy 
‘or the same reason, the parallelogram EFGH is equal to the 
rillelogram EBCH; 
herefore the parallelogram ABCD is equal to the parallelogram 
EFGH. (ax. 1.) 
Therefore, parallelograms upon equal, &c. Q.£.D. 


PROPOSITION XXXVII. THEOREM. 
the same base and between the same parallels, are equal to 


the 


Triangles “pon 
ne another, 
Let the triangles 4 BC, DBC be upon the same hase BC, 
and between the same parallels AD, BC. 
Then the triangie ABC shall be equal to the triangle DBC. 
E AD 


7 


VY 


F 
omen 


Produce 4D both ways to the points E, F; 
dete B draw BE parallel to CA, (1. 31.) 
and through C draw c =a to ak. 
h of the figures EBCA, is a parallelogram 
ey is equal rm DBCF, (1. 35.) because they - upon the 
parie pase BC, and between the same — BC, EF. 
pecs : e parallelogram EBCA, 


And pecause the diameter AB bisects Nerram EBCAs (e346) 
Hheeore tne viene’ ABC's Me he parlelogram DECK 


1 he diameter 
2 Sarees tae triangle DBC is half of the parallelogram DBCF, 


but the halves of equal things on 3 (ax. 4 


therefore the triangle 4 BC is equa 
W heretore- triangles, &¢. Q. B.D. at 


- 


| 


4  RUCLID’S ELEMENTS. 


PROPOSITION XXXVIII. THEO 
I. REM 
= : | ‘ 
ae SeRereee G8 Mtpem the some porciicis, are 
Let the triangles ABC, D 
between the same aA BEAD. a me BC 2 
Then the triangle ABC shall be equal to the triangle D Ep 
as 3} y Hu a. 


B CE Fr 
Produce AD both ways to the points @ 
through B draw BG parallel te CA ( ai) 
and through F draw F// parallel to EJ) 
eS T ‘hen each of the figures GRCA, DEF Hisa parallelo m 
and they are equal to one another, (1. 36.) “%¢ 
because they are upon equal bases BC, #F, 
nen and between the same parallels BF, G1/. 
yee p sdger the diameter AB bisects the parallelogram GRC 
i a4.) e triangle ABC is the half of the paralle|: gram OF 
also, because the diameter DF bisects the I )EPE 
therefore the —— DEF is the half of he pareliehcg . Dh 
ees the alves of equal things are equal; (ax. 7 
Shyla triangle ABC is equal to the triangle J) F. 
fore, triangles upon equal bases, &c. Q. E. D- 


Equal tria PROPOSITION XXXIX. THEOREM. 
alain. same base and upon the same side of it, 
Let the equal triang! 

and upon the same side off. DBC be upon the same bare 
en triangles 4BC, DBC shall be between the same parace* 


A D 
B c 
nd Join AD; then AD sha 
. ll be parallel to BC. 
i For if 4D be not penalial to BC, 


. the point A, draw 4 parallel to BC, (1- 8%) 
Sl ep pr erro in Z£, and join re. * b C 
ally a is equal to the triangle EBC, (1. 37.) 
: on they are upon the same base BC, 
but the triangle eee leremusl & the triangle DB 
A equal to the triangle DBC 
Pee ice emepriaig ies BH is equal to She cineaie Bae 
¢ 


al te 


haa 
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the greater trian Je equal to the less, which is impossible: 
therefore AE is not parallel to BC. 
In the same manner it can be demonstrated, 
that no other line drawn from A but AD is parallel to BCs 


AD is therefore 


liel to BC. 


Wherefore, equal triangles upon, &c. Q.E.D. 


PROPOSITION XL. 
Equal triangles upon equal bases in the 


THEOREM. 
same straight line, and towards 


the same parts, are between the same parallels, 

Let the equal triangles 4 BC, DEF be upon equal bases BC, EF, | 
in the same straight line BF, and towards the same parts. 

Then they shall be between the same parallels, 


A D 


G 





. oe 
Join AD; then AD shall 


Fr 
be parallel to BF. 


For if AD be not parallel to BF, 
if possible, through 4 draw AG parallel to BF, {. 31.) 
meeting ED, or ED produced in G, and join GF. 
Then the triangle 4 BC is equal to the tengie GEF, (1. 38.) 
because they are upon equal bases 0, BF, 
and between the same parallels BF, AG; 
but the triangle ABC is equal to the triangie DEF; (hyp.) 
therefore the triangle DEF is equal to the criangle GE tae lL) 
the greater triangle equal to the less, which is impossible: 
therefore 4G is not parallel to BF. 
And in the same manner it can be demonstrated, 
that there is no other line arawn from A parallel to it but A.D; 
‘AD i therefore parallel to BF. 
Wherefs.e, equal triangles upon, &e. QE.D. 


if a parallelogram and © triangle be upon 


the same parallels ; the parallelogram shall 


Let the _ m ABCD, and the sees EBC be upon the 


game base BC, and ween the same 


Then the parallelogram ABCD . 
A 


Join AC. 


‘Then the triangle ABC is equal to 


rallels BC, AB. 
be double of the triangle BBC 
B 


the triangle EBG, (1. 8.) 


he same base BC, and between the «.. 


logram ABCD is double of the triang! 
because the diameter AC bisects it; (1. 7h oie 
wherefore ABCD is also double of the triangle ERC. 
Therefore, if a parallelogram and a triangle, &c. Q.8.p, 


}} PROPOSITION XLII. PROBLEM, 


serait Bor : 
To describe a parallelogram that shall he i to ‘ wal 
have one of its anglon equal 1.0 given recilincal angie. — 
Let ABC be the given triangle, and D the given rectilinea! angle 
. avis required to ibe a parallelogram that shall be — ‘ons 
given triangle ABC, and have one of its angles equal to 1), 
AF @ 


NV ke. 


BEC 


Bisect BC in Z£, (1. 10.) and join 4 BE; 
° a ~ oe BE in the straight line BC, 
wa C draw CG 






a? CEF equal to the angle D; (1. 23.) 
through parallel to EF, and through A draw AFG 
parallel to BC, (1. 31.) winating EF in F, and CG in G. 
‘Then the figure CEFG is a parallelogram. (def. A.) : 
“ And because the es ABE, AEC are on the equal bases BE, 
EC, and between the same parallels BG, A; 
they are therefore equal to one another; (1. 38.) 
; and the triangle 4 BC is double of the triangle 4 EC; 
hut the parallelogram FECG is double of the triangle AEC. 
herent SO ue the same base EC, and between the 
AG 
therefore the paral + FECG is equal to the triangle ABC, (+x-6) 
and it has one of its angles CEF equal to the given angle D. 
FECG has been described equal to the 
ving one of its angles CEF equal to the 


fr. 41.) 


same 


PROPOSITION XLII. THEOREM. 


The complements of the . which about the diameter 
| gle pertain moana ems excien - 


Let ABCD be a parallelogram, of which the diameter is 4C: and 


: eres allslograz about.A C, that is, through which AC passes: 





1e other parallelo which make up the. whole 
D, wh Fre seehore called tho comple: Ay 
plement BK shall be equal to the com ax Ds 
i, 7 


> 
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ay D 
E ¥ 
B G Cc 


Because ABCD is a parallelogram, and AC its diameter, 
therefore the triangle A B Cis equal to the triangle ADC. (1 34.) 
Again, because EK ILA is a parallelogram, and AX its diameter, 
therefore the triangle 4 EK is equal to the triangle AHA; (1. 34. 
and for the same reason, the triangle K@Cis equal to the triangle KF’ 
Wherefore the two triangles AEK, KGC are equal to the two 
triangles AIK, KFC, (ax. 2.) 
but the whole triangle 4 BC is equal 
therefore the remaining complement 
complement AD. (ax. 3.) 
Wherefore the complements, &c. Q.E.D. 


to the whole triangle ADC; - 
BK is equal to the remaining 


PROPOSITION XLIV. PROBLEM. “id 
To a given straight line to apply @ parallelogram, which shall be equal 


to a given triangle, and have one of its angles equal to a given rectilineal 
angle, 

Let AB be the given straight line, and C the given triangle, and D 
the given rectilineal angle. 

It is required to apply to the straight line AB, a geen 
equal to the triangle C, and having an angle equal to the angle D. 


\ ai 


Make the parallelogram BEFG equal to the triangle C, 
and having the angle EBG equal to the angle D, (1. 42.) 
so that BE be in the same rele line with 4 B; 
produce FG to H, 
through A draw AZ parallel to BG or wet 31.) and join HB. 
Then because the straight line 2/F falls upon the parallels 4H, EF, 
toerefore the angles AHF, HFE are together equal to two right 
angles; (I. 29.) 


wherefore the angles BHF, HFE are less than two right : 
but straight lines which with another straight line, make two 
angles, do meet 


interior angles upon the same side less than two right 
if produced far sinah (ax. 12.) ee 
therefore HB, FE shall meet if produced; 
let them be produced and meet in A, 
h K draw KL parallel to EA or PH, 
ace HA, GB to meet KL in the points L, Mt. 
rogram, of whieh the tiametar io 32% 


and 
Then X. 
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and AG, ME, are the parallelograms about HK 
os. 2S 
e complemen! to complement BF; (;, 

but the. ement BF is equal to the triangle C; timnan} ? 
w ore LB is equal to the triangle C. 
andiikenne othe angie J» (con _ to the angle 4 BM, (1. 19) 
and likewise to | i (constr. ; efore the who elo ¢ i i hole 

therefore the ang! ABM is equal to the angle Dd. (ax. 1.) qe +o im ae OTe 
% the given straight line 4B, the parallelogram ZB has Therefore the parallelogram KFIM has been described equal to 
be n applied, equal to the triangle C, and having the angle 4b ie wiven rectilineal figure ABCD, having the angle FAM equal to 

equal to the given angle D, Q.£.F. 


given angle FE. Q.E.F. 
PROPOSITION XLV. PROBLEM. 


Cor. From this it is manifest how, toa given straight line, to apply 
parallelogram, which shall have an angle equal to a given rectilineal 

To describe a parallelogram equal to a given rectilineal fgure, ani 
having an angle equal to a given rectilineal ange. 


Bugle, and shall be equal to a given rectilineal figure ; viz. by applying 


And because KF is parallel to WG, and HG to ML, 
therefore KF is parallel to {ZL ; (1. 30.) 
and FL has been proved parallel to KM, 
wherefore the figure FX ML is a parallelogram; 
and since the parallelogram HF is equal to the triangle ABD, 
and the parallelogram GM to the triangle BDC; 


| 
: there 



















be to the given straight line a pote on oi ae to the “4 triangle 
sit ’ De ed B.), (1. 44.) and having an angle equal to the given ang 
Let ABCD be the given rectilineal figure, and E the given ree’ - : Yow #4.) 8 
| — beg ,ROPOSITION XLVI, PROBLEM. ‘ 
Tt is required to describe a parallelogram that shall be equal to the . rare ITIO s we : 
figure ABCD, and having an angle equal to the given angle B. i To describe a square upon @ given strat ght line, 
, D | ne Let AB be the given straight line. 
* ae + { c 
_ ; 
fave . z & i 
- B Cc K HM ~ 
si Join DB. = 
Describe the parallelogram F'// equal to the triengle ADB, en . A : is + ee 
> a FEH equal to the angle FE; (1. 42.) 1 ool It is required to deseri ea em ee Pa 11) 
to t line GH. apply the parallelogram GM equa a From the point 4 draw 4( 7 age « 3) ; 
DBC, having the angle GHM equal ve i sda ve 4) ate DB parallel to AB; 1. $1.) 
me a uired. ee zh B. anew BE parallel to AD, meeting DE in Z; 
ped A pitas sale oan on is oe the angle & ad ©" therefore A BED is « parallelogram 5 
‘ ; ua verefore ABE er 
nie ang:  FKH is equal to ten, wnat GHM; , + whence 4 B is a : Dae BE; (1. 34.) 
: ; rut 4 ‘ ’ 
; ‘add to each of these eq the angle EWC 0 GuMe Fi fore the four lines AB, BE, ED, DA are ual to one another, 
_ therefore the FRH, KHG are equal to the angles ; 7 o therefor ur lines “telogram ABED is equi ate 
ae ae KUHG are equal to two right angles; (I- 29.) ; a an - e eure grate Ao ven right angler’ 
ee teeta ‘ge Pe. Ue wigan ght oe che Gee a Te nas AD meets the parallels 4B, DE, 
; at nt H, e strai : = me Sr ie 
nt lines KH, HM, upon the opposite sides of it, make the * Za Ss 


the angles BAD, ADE are equal to two genes (1.29.) 
but BAD isa aoe angle; Bee © 
therefore also ADE is 4 nig ‘ 
But the o posi angles of parallelograms are equal s(t. 98) ; 
to mak of the opposite angles ABE, BED isa right angle 
wherefore the figure A BED is rectangular, 
ee on LEEDS Mere, (200.20) 
the figure ED sas 
@ it is desoribed upon the given straight line 4B: QE.F 


G ual to two right angles, \ & 
is in the po straight line with AML. (1. 14) 
use the line HG meets the parallels KM, FG, © q 
angle MHG is equal to the alternate an e HGF; (1) 2) 
dd 1 h of these equals the angle HGL; se 
gles 1 HG, HGL are equal to the angles HGF, E 



















ie 





; vies 
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Cor. Hence, every para that has one ofits angles: 
angle, has all its angles right angles. 

PROPOSITION XLVII. THEOREM. 

, led triangle, the square which is described upon +?. 

er ond right angle, is equal to the 

which contain the right angle. 

Let ABC be a right-angled triangle, having the right angle 

described 


ide BC, shall be equal 

Then the square — ‘ ’ 
squares described upon BA, Ac. 
G 





aa | 


On BC describe the square BDEC, (1. 46.) 
and on BA, AC the squares GB HC; 
through 4 draw AL parallel to 11) or CE; (1. 31.) 
and join AD, FC. 
Then because the angle BAC is a right angie. (hyp-) 
and that the angle BAG isaright angle, (def. 90) 
the two straight lines AC, AG upon the oppos:te sides of A B, : 
with it at the point 4, the adjacent angies equal to two right a 
therefore CA is in the same straight line with 4/1 |! 
For the same reason, BA and AH are in the same strech re 
And because the angle DBC is equal to the angle FA, 
each of them being a right angie, 
add to each of these equals the angle ABC, 
therefore the whole angle 4 BD is equal to the whole angle F201 
And because the two sides 4B, BD, are equal vo the twos ies "> 
BC, each to each, and the included angle 4 BD is equal to the inc ¥* 
angle FBC, 
therefore the base 4D is equal to the base FC, (1. 4-) 
and the triangle 4 BD to the triangle FBC. 7 
Now the parallelogram BL is double of the trias le ABD. (1. 4*) 


because are upon the same base BD, anu between the @m 
veallels BD, cs 


also the square GB is double of thetrianule FBC, a 
Thegpnae than a re upon the same base Fi, and betweet =" 
ee FB, GC. 


e paraliels 
But the doubles of equals are equal to one another; (ax. 6. 
re the elogram BL is equal to the square GB. 
Similarly, by joining 44, BK, it can be proved, 
‘ that the paraile CL is equal to the square HC. 


i 
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41 
~ Therefore the whole square BD EC is equal to the two squares GB, 
HC; (ax. 2.) 


d the square BD EC is described upon the straight line BC, 
and the squares GB, HC, upon AB, AC: 
erefore the square upon the side BC, is equal to the squares upon 
the sides 4B, AC. 


Therefore, in any right-angled triangle, &c. Q.E.D, 


PROPOSITION XLVIII. THEOREM. 


If the square described upon one of the sides of a triangle, be equal to 
the aqusres described upon the other two sides of it; the angle contained by 
th ee two sides is a right angle. 


ft the square described upon BC, one of the sides of the triangle 


PC. be equal to the squares upon the other two sides, AB, ACG ® 
Then the angle JAC shail be a right angle. 


@, 
a 


From the point 4 draw 4D at right angles to AC, (1. 11.) 
make AJ) equal to AB, and join DC. 
Then, because A D is equal to AB, 
the square on A D is equal to the square on 4B; 
to each of these equals add the square on A C; 
herefore the squares on AD, A Care equal to the squares on AB, AC: 
t the squares on 4D, AC are equal to the square on DC, (1. 47.) 
because the angle D4 Cis a right angle; 
end the square on BC. by hypothesis, is equal to the squares on BA, AC; 
therefore the square on DC is equal to the square on BC; 
and therefore the side DC is equal to the side BC. 
And because the side 4D is equal to the side 4B, 
and AC is common to the two triangles DAC, BAC; 
the two sides DA, AC, are equal to the two BA, AC, each to each: 
und the base DC has been proved to be equal to the base BC; 
therefore the angle 4 Cis equal to the angle BAC; (1. 8.) 
but DAC is a right angle; 
therefore also RAC is a right angle. 
Therefore, if the square described upon, 





Q.B.D. 
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ON THE DEFINITIONS. 
Gromrrry is one of the most perfect of the deductive Scien 
seems to rest on the inductions from experience and o 
The first principles of Geometry are therefore in this view co 

founded on facts cognizable by the senses, and it is a s 


be ary importance to draw a distinction between the conce: 
af an 


ed perhaps more intelligible. A point is defined to be that 
no magnitude, but position only. 

Every visible ie hes both length and breadth, and it is im- 
draw any line whatever which shall have no breadth. The 
requires the conception of the length only of the line to be 
, abstracted from, and independently of, ali idea of its breadth. 





the things themselves. These hypotheses do not invo = —— it. This definition renders more intelligible the exact meaning 
a ieaeren things, and consequently v4 finition of a point: and we may add, that, in the Elements, 
b regarded as arbitrary, but in certain respects, agree with the “ supposes that the intersection of two lines is a point, and that two 


tions which the things themselves suggest to the mind thro 
“medium of the senses, The essential definitions of Geometry 


an intersect each other in one point only. 
fav. The straight line or right line is a term so clear and intel- 


: ; incapable of becoming more so by formal definition. 

observation ’ timate % yap to be incapa Magy aca ee 

being inductions from and Sxpeience rest ultimate S definition is Bv@sia yoauun tori, rres #& icov tors i’ eavTryt 

evidence of the senses, : . . ™ xeira:, wherein he states it to lie evenly, or equally, or upon an 

It is by experience we become acquainted with the existencel of i Syuelity (if trov) between its extremities, and which Proclus explains as 
vidual forms of magnitudes ; but by the mental pecesss of abs rac bein etched between its extremities, qin dxpwv TETMMEMN. 

d with a cular instance, and proceeds to the rer line be conceived to be drawn on a plane surface, the words 
idea of all objects of same kind, we attain to the general confoepins BEdcow may mean, that no part of the line which is calied a straight line 
of those forms which come under the same general idea. odevi either from one side or the other of the direction whieh 1s fixed 

The essential definitions of Geometry express generalized concep: Seth: extremities of the line; and thus it may be distinguished from a 

of real existences in their most perfect ideal forms : the laws and appeer- Maite. ine, which does not lie, in this sense, evenly between its extreme 

ances of nature, and the operations of the human intellect being sup- Bom's. If the line be conce ived to be drawn in space, the words #& ivov, 
uniform and consistent. mauet be understo 








to apply to every direction on every side of the line 
its extremities, 

SBvexy straight line situated in a plane, is considered to have two sides ; 
when the direction of a line is known, the line is said to be given in 


‘of; also, when the length is known or can be found, it is said to be 
ia magnitude. 


But in cases where the subject falls under the class of simple idem, 
the terms of the definitions so called, are no more than merely equiv 
expressions. The simple idea described by « proper term oF terms, 
not in fact admit of ition properly so called. The definiti 
Euclid’s Elements may be divided into two classes, those which s 


- 


—wtioh, be bs From the definition of a straight line, it follows, that two ts fix a 
mea those, which, ’ ¥ 
explain the of the terms aeaeyes. hs wm pr the ul Ohgtrs, line in position, which is the foundation of the aoe ea 
ieapetiting, ie ing of the terms, suppose the © posriiates. Hence straight lines which are proved tocoincideintwoor more 
described the defini ied. form os to explaiatlia Bein. are called, “one and the same straight line,’ Prop. 14, Book 1, 
Definitions in cannot o pee & if tent that hey ee ieey which is the same thing, that “two straight lines cannot have a 
nature and properties of the figures defined 3 it issu ed " - “0 ed thet tor n segment,” as Simson shews in his Corollary to Prop. ll, Book t. 
gaaria whereby the thing deltes ma be distinguishe 9 Sita Phe following definition of straight lines has also been proposed. 
of the same | It will at once be obvious, that t " os tad Bee Straight lines are those which, if they coincide in-any two points, coin- 
Sonat, moot pure acjences, being abstractions 0 The digonert . as far as they are produced.” But this is rather a criterion of straight 
- like the ns in any one of the physical sciences. 1 "mod By ites. and analogous to the eleventh axiom, which states that, “ all night 
of any — facts may render necessary some alteration DS engles are equal to one another,” and suggests that all straight lines may 
fication in the definitions of the latter. | ss int, Buell’ 4 — mitile to coincide wholly, if the lines be equal; or partially, if the lines 
Def. -Somr ae ag er _—— 8 yeeros on Pf which there Pat sf unequal lengths. A definition should properly be restricted to the 
definition is, onmeiov torw pépos ovder, poin' at, of w 1 { 















Msseription of the thing defined, as it exists, independently of any com- 

| Parison of its properties or of tacitly assuming the existence of axioms. 
Def. viz. Euclid’s definition of a plane surface is "Bwrinsdor ixupa- 

weed fer tris iE leou Tais tp’ fautis evOsiacs eitar, “* A surface is 


‘or which cannot be parted or divided, as it is explaine# 
4 oe tes teiedke tare, onusiov, literally means, & visible sig” or 
‘on a surface, in other words, a physical point. The English ter™ 







4 : he . 2 A , * .  . rs 
means the sharp end of any thing, or a mark made by it. 1 ) that which lies evenly or equally with the straight lines in it;” instead 
comes from the Latin cama through the French word _ ef which Simson Seaton te efinition which waa originally proposed 

either of these terms, in its literal sense, appears to give ate _ by Hero the Elder. A plane superficies may be supposed to situated 
notion of what is to be understood by a point in Geometry. ii Any position, and to be continued in every direction to any extent. 
definision of w peas merely expresses a negative property, which © | Def. vit, Simson remarks that this definition seems to include the 
the proper | om eaeing of the Greek term, as applied to angles formed by two curved lines, or a curve and a straight line, as well 
shysical point, or a mark w is visible to the senses. as that formed 


by two straight lines, 


\ defined a point to be povas Ogoww Fxovea, “a monad oe, made by straight lines only, are treated of in Elementary 
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himaseightin number. “1. Do define nothing 
-- in p sna terms than those in which it 
y expressed. 2, To leave no obscure or equivocal terms undefined. 
». To employ in the definition no terms not already known, 4. To 
emit nothing in the pay from which we argue, unless we are suré 
itis granted. 5, To lay down no axiom which is not perfectly evident. 
%. To demonstrate nothing which is as clear already as we can make it. 
7. To prove every thing in the least doubtful by means of self-evident 
axioms, or of propositions already demonstrated. 8. To substitute 
mentally the definition instead of the thing defined.” Of these rules, he 
eave, “the first, fourth and sixth are not absolutely necessary to avoid 
rror, but the other five are indispensable; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them.” 











ye observed that when equal magnitudes are tab 


I : Bok cml der exceeds the less r 

a h as the | er of the unequal a. exceeds th 
If unequals be taken from unequals, the remainders are n 
ual; they may be equal: also if unequals be added to une 

les are not always re, aged they may also be equal. 

Lx K eater than its part, and conver 
part is less than the whole. axiom appears to assert the © 
of the eighth axiom, namely, that two magnitudes, of whic 
i _ greater than the other, cannot be made to coincide with one ano 
: ee L x10 x. The property of straight lines expressed by ¢ 
% Pes tepals “ that two straight lines cannot enclose a space, 
ae implied in the definition of straight lines; for if they en 






















@ 
Sikes Ab Rg coincide between their extreme points, » The course pursued in the demonstrations of the ropositions in 
Ruclid’s Elements of Geometry, is always to refer directly to some @X- 
«  Amom xt. axiom has been asserted to be a demonstrat ; eressed principle, to leave nothing to be inferred from vague expressions, 
rem, As an angle isa species of magnitude, this axiom is only nd to make every step of the demonstrations the object of the under-* 
cular application of the eighth axiom to right angles. tanding. 


. It has been maintained by some philosophers, that a genuine defini- 
on contains some property or properties which can form @ basis for 


Axiom xu, See the notes on Prop. xxix. Book 1. 


| 2 


ON THE PROPOSITIONS. smonstration, and that the science of Geometry is deduced from the. 
Wuenever a jud at b sfinitions, and that on them alone the demonstrations depend. Others 
: ; a] 7 - b formally expres ed, there must . Ling ave maintained that a definition explains only the meaning of a term, 
respecting which the judgment is expressed, and somethog P ? : 

which constitutes the judsweat. The f led the subjetaine and does not embrace the nature and properties of the thing defined. 
; ewan ne menmner 1S Called wie aa If the propositions usually called postulates and axioms are either 
Segre a9 iy age the predicate, which may be anything vecitly assumed or expressly stated in the definitions; in this view, de- 
"tagny ye in E respecting the subject. bea monstrations may be said to be legitimately founded on definitions. If, 
e propositions in Euclid’s Elements of Geometry may be ea the other hand, a definition is simply an explanation of the meaning 
into “4 p and theorems. A proposition, as Wy : ofa term, whether abstract or concrete, by such marks as may prevent a 
men, an ecrpening Pro fe a a = when — Geomed masconception of the thing defined ; it will be at once obvious buat some 
is req to fected: and it is a theorem when sole 9" ‘eonstructive and theoretic principles must be assumed, besides the defini- 
metrical is to be demonstrated, Every proposiuon * © } “ons to form the ground of legitimate demonstration. These principles 
rally di into two parts; a problem consists of the dete, 0 we conceive to be the postulates and axioms. The postulates describe 
given; and the quesita, or things required: a theorem, consists nstructions which may be admitted as possible by direct appeal to our 
subject or hypothesis, and the conclusion, or predicate, Hence the disyine™"®  @ eperience; and the axioms assert general theoretic truths so simple 


ead self-evident as to require nu proof, but to be admitted as the assumed 
Gest principles of demonstration. Under this view all Geometrical 
reasonings proceed upon the admission of the hypotheses assumed in 
; the definitions, and the unquestioned possibility of the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of anenthymeme, 
of an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader: and it may be observed, ~_ although this is the 
eedinary mode of speaking and writing, it is not in the stri syllogistie 
form ; as either 4 mayor or the minor premiss only is formally stated 





















between a problem and a theorem is this, that a problem consist 
data and the quiesita, and requires solution: and a theorem con 
bag owe and the predicate, and requires demonstration. 
propositions are affirmative or negative; that is, they eith 
some property, as Euc. 1. 4, or deny the existence of some prog” 
Euc. 1. 7; and every proposition which is affirmatively stated 


tradictory ding proposition, If the affirmative be pr 
ap ta, pro SX a ¥ 
All propositions may be viewed as (1) universally af i 


versally negative ; (2) as particularly affirmative, or particular : 

The onc i Nal got Peat, ag peeA ay ometric: , before the conclusion: Thus in Eue. t. 1. 

established is a demonstration tt is called a direct d oe Because the point 4 is the center of the circle BCD; 

when the predicate of the proposition is inferred di ie __ therefore the straight line 4B is equal to the straight line 4C. 
misses, as the conclusion of a series of successive dedug Te The emiss here omitted, is: all straight lines drawn from the center 
— is called indirect, when the conclusion shows‘ he a 3 ame circumference sme sanel, a - a 
duction of any other s ition contrary to the h i ae a similar way may be supplied the reserved premiss in every enthy- 
: ny ae ary Ypothesi:, meme, The ieepetrnion st two enthymemes may form the aa and minor 


WPT, has been resnarked Macage weyers 


Av has papel eometry peeernies/of » third vplogiam, and oo on. andi Sne.ane 
ct a8 t _ we find truths wherein all men 


w to the strictly syllogistic form, And in way it is shewa 
Dn 
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eneral theorems of Geometry are demonstrated by means 
sn eee and definitions. * 8 
very syllogism consists of three propositions, of which, two are cal). 
premisses, and the third, the conclusion. ‘These propositions conth. 
iree terms, the subject and predicate of the conclusion, and the mi 
wi which connects the predicate and the conclusion together. T 
ject of the conclusion is called the minor, and the predicate of the ex 
is called the major term, of the syllogism. ‘The major term appe 
in on ppg and the minor term in the other, with the middle te - 
n is in both premisses. That premiss which contains the mit. | 
rm and the major term, is called the major premiss; and that w. > 
itains the middie term and the minor term, is called the minor pre 
} 








ere As an example, we may take the syllogism in the dem 
of . 1, Book 1, wherein it wil) be seen that the middle tert 
the subject of the Sant ster and the predicate of the minor, 
e Major premiss: because the straight line 4 Mis equal tothe straight line J 
— because the straight line HC is equal to the straiy 
e AB; 
Conclusion : therefore the straight line BC is equal to the straight line { 
Here, AC is the subject, and AC the predicate of the conclusion. 
BC is the subject, and 48 the predicate of the minor premi 
_ AB is the subject, and 4C the predicate of the major prem 
Also, AC is the major term, &C the minor term, and 44 the middle t 
of the fe pi 
In syllogism, it may be remarked that the definition of a stra 
line is assumed, and the detinition of the Geometrical equality of 
Straight lines; also that a general theoretic truth, or axiom, forms 
d of the conclusion. And further, though it be imp« wsible to | 
ony point, mark or sign (onusior) which has not both length and bres 
and any line which has not both length and breadth ; the demonstrat 
in Geometry do not on this account become invalid. Por they are pur 
on the hypothesis that the point has no parts, but position only: %™ 
Vine has length only, but no breadth or thickness: also that the su 
has Le and breadth only, but no thickness: and all the conclu 
at which we arrive are independent of every other consideration 
The truth of the conclusion in the syllogism depends upon the 
of the isses, Ifthe premisses, or only one of them be not truy 
conclusion is false. The conclusion is said to follow from the preny’ 
whereas, in truth, it is contained in the premisses. e expression) 
understood of the mind apprehending in su 
\ isses, and subsequent to that, the truth of 
“go thet the conclusion follows from the premisses in order 
be far A mae is made to the mind's apprehension of the 
gumen 
_ Every proposition, when complete, may be divided 
Proclus has pointed out in his Sinanaliter’: bath 
1. The proposition, or general enunciation, which states 
the Sage ro! of the problem or theorem, 
i exposition, or particular enunciation, which exhibits a 
ition in parti as the: 
Se ae: particular terms ® fact, and refers it +, 
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* 4. The construction applies the postulates to prepare the diagram for 
tion. , 

a= Gonenetvesion is the connexion of syllogisms, which prove the 

toth or falsehood of the theorem, the possibility or impossibility of the 


~ problem, in that particular case exhibited in the diagram. 


6. The conclusion is merely the repetition of the general enunciation, 
wherein the predicate is asserted as a demonstrated truth. 

Prop. 1. In the first two Books, the circle is employed as a me- 
eb onical instrument, in the same manner as the strai ht line, and the use 
ade of it rests entirely on the third postulate. No properties of the 

vele are discussed in these books beyond the definition and the third 
postulate. When two circles are described, one of which has its center in 
the circumference of the other, the two circles being each of them partly 
Within and partly without the other, their circumferences must intersect 
each other in two points; and it is obvious from the two circles cutting 
each other, in two points, one on each side of the given line, that two 
equilateral triangles may be formed on the given line. ’ ‘ : 

Prop. nu. When the given point is neither in the line, nor in the line 
produced, this problem admits of eight different lines being drawn from 


ziven point in different directions, every one of which is a solution 
the problem. For, 1. The given line las two extremities, to each of 
h a line may be drawn from the given point. 2, The equilateral 


sagle may be described on either side of this line. 3. And theside 
20 of the equilateral triangle ABD may be ey ep. either mi > 

But when the given point lies either in the line or in the line pro- 
duced, the distinction which arises from joining the two ends of the line 
sith the given point, no longer exists, and there are only four cases of 
the blem. 

e construction of this problem assumes a neater form, by first de- 
ecrtbing the cirele CGH with center B and radius BC, and producing DB 
the side of the equilateral triangle DBA to meet the circumference in G: 
eext, with center D and radius DG, describing the circle GAL, and then 
producing DA to meet the circumference in L. 

By a similar construction the less of two given straight lines may be 
reduced, so that the less together with the part produced may be equal 
to the greater. 
Prop. 1. This problem admits of two solutions, and it is left unde- 
termined from which end of the greater line the part is to be cut off. 
By means of this problem, a straight line may be found equal to the 
#0m or the difference of two given lines. 
Prop. rv. This forms the first case of equal triangles, two other cases 
are proved in Prop. vir. and Prop. xxv1. 
he term base is obviously taken from the idea of a building, and the 
fame may be said of the term altitude. In Geometry, however, these 
terms are not restricted to one particular position of a figure, as in the 
fare ofa building, but may be in any position whatever, 
p. ¥. Proclus has given, in his commentary, a proof for the 
ity‘of the angles at the base, without producing the equal sides. 
“© construction follows the same order, taking in AB one side of 
l@s triangle ABC, a point D and cutting off from AC a part 
4 Pequal w AD, and then joining CD and BE, 


bg Seer ae ee ne Pralloc te pelea | on Gar &.« theorem which results from the demonstration of 
by prosounsing the thing sought. one te ¢ ban » vi, is the converse of one part of Prop. v, One proposition 
; ; p2 
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d to be the converse of 
‘becomes the predicate of the latter 
‘ e 1 

one predicate; b : ‘ 
or more than one of the hypotheses pd assuming the prey 
inferred as the predicate of the converse. In we 
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vil, is the converse of P: ‘ 
ci. | rop. tv. It may here be ob° “ 
t converse are not universally true: as for inetan’* 


their a4 = = A tg eaaressally true; “If two triangle: 


equal, the three angles of each « 


y equal,”’ But the converse i i 

62 erse 18 not universal! 2; 
the gro relia rar tg an les in ert dernd Ly 
e three non om rely equ Converse theorems ye 


enter into the Stneletths direct theorem, ‘Cone a. ye 
—- ~ ¥ NO means to be confounded ; the contrery propos — 
asibnonkion’ men what is denied, in the dirned 
a a sy Sap and predicate in each are the same. A oo» 
tt os bar sated contradictory proposition, and the dist: 
id teno. contwods contrary propositions may both be [alse 
tneg pea ties eae one of them must be true, an¢ 
os meal fina es remarked, that one of the most coa 
hc og Malinatn. ground r to aeagine that the denial 
Proposi! . or affirming the cont s 
whereas the rules of sound reasoning allow - Ae he sflmation 9 


ition as true 
oy “y ) Only affords a ground for the denial of the con 


ne is ther instance of indirect demonstrations, and 
more. bea na proof of converse propositions. All thos 
demonstrated ex absurdo, are properly anal 


tions, according to the Greek notion of analysis, whic 


the consistency = Tequired, to be done, or to be true, and then s 


with cra y Cr imeonaistency of this construction or byt 


Tn: ‘eady demonstrated. 
indirect demonstrations, where hypotheses are made whic 


desirable that a form be ba truth stated in the proposition, it 
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— Eehonld be employed different 
‘uolid e. In ] cases therefore, wh 
or some such or not, the words if possible have been introd 
the pore re expression, aa in Euc. 1. 6, 80 as not to | 
the learner, the ampression that the hy 

Wing Proposition, is really true, 
; with. the mye sides of one triangle are she 
is at once obvious. ‘This, howere, other, the equality of the tri 

—— ~ Soy ha at the concl 
coincident | oagidig ity of the ar 

triangles, reference is always one by Euclid to Prop, 
vit. may be dispensed al given of this proposition, . 


i : 
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ho angle EAF is equal to the angle EDF, (ax. 2 or 8): or the angle 
SPC is equal to the angle EDF. 

Prop. rx. If BA, AC be in the aame straight line. This problem 
hen becomes the same as Prob. x1, which may be regarded as drawing 
= line which bisects an angle equal to two right angles. 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
s the defect of the angle BAC from four right angles. 

By means ot this problem, any angle may be divided into four, 

it, sixteen, &c. equal angles. 

Prop. x. A finite straight line may, by this problem, be divided 


» four, eight, sixteen, &c equal parts 


Prop. x1. When the point is at the extremity of the line; by 
t second nostulate the line may be produced, and then the construction 
Slies. See note on Fue, 1 ks 
The distance between two points ia the straight line which joins 
points; but the jistance between a point and a straight line, i» 
shortest line which can be drawn from the point to the line. 
From this Proy follows that only one perpendicular can be drawn 
ma given p to a given line : and this perpendicular may be 
wn to be less than any other line which can be drawn from the 
en point to the given line: and of the rest, the line which is nearem 
the perpendict eas than one more remote from it: also only 





o equal straight 4 can be drawn from the same point to the line, 


one on each side of the perpendicular or the least. This property 


i analogous to Euc. mt. 7, 8. ; : . : 

The corollary to this proposition ts not in the Greek text, 
ses added by Simson, who states that it “is necessary to Prop. t 
Book xt., and otherwise 6 : 

Prop. x11. The third postulate requires that the line CD should 
he drawn before the circle can be described with the center Cc, and 
wlins CD. : P ‘ 
Prop. xrv. is the converse of Prop. xin. “* Upon the opposite sides 
” Tee words were omitted, it is possible for two lines to make 





fit I ese L < 
th a third, two angles, which together are equal to two right angles, in 
sh a manner that the two lines shall not be in the same straight line. 


The line BE may be supposed to fall above, a8 in “om figure, 
slow the line BD, and the demonstration is the same 1n form. 
) Prop. hoy ie the development of the definition of an angle. If ele 
jagpol uce . produced lines have the same mecl~ 
st the angular pomt be produce d, the pro \ ‘ im 
nation to one Piother as the original lines, but in & different position. 
The converse of this Proposition is not proved by Euclid, namely “aA 
if the vertical angles made by four straight lines at the — er 
be respectively equal to each other, each pair of opposite lines 
be in the same straizht line. 4 
Prop xvi. appears to be only a corollary to the procaling Riek 
position, and it seems to be introduced to explain sae —_ , 
‘eis the converse The exact truth respecting the angles 


=f ro ti a ee be remarked, for the purpose of guarding 


_xvit. Tt ma ‘ : é 

the eaten ‘ogninst a very oe — ee oe proposition 
f it, the Ay; esis predate. 

Pe ame the i of Prop. xvttl. It may be remarked, 


w 
that Prop. xr. bears the same relation to Prop, xvii, Prop. 
does to Prop. 


> 
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Prop. xx. The following d youK 1 55 
} ; 2 coro OTES TO BO 
| A straight line is the shor lary arises from this : * 
_ the straight line BC is al tset distance between twee : , ; 
the point 4 may be always less than BA and two points, 5, avd the angle AGB to DFE. But since AC is equal to DF, AG is equal 
It may be te daphne ata and AC, however ; ‘ «> 4C: and therefore the angle 4CG is equal to the angle AGC, which 
PS Mr fer shewn from this propositi - io also an acute angle. But because AGC, AGB are together equal 
arop Xx et age elgg than the th oy that the differ, to two right angles, and that AGC is an acute angle, AGB must be 
when M i ln en the sum of two of a side. 4 en obtuse angie; which is absurd. Wherefore, BC is not uneq 
and they will than, the third line; let ao. lines is equal to so EP, that is, BC is equal to EF, and also the remaining angles 
| Mek tnt exhibit the impossibility i he diagrams be eseri ome triangle to the remaining angles of the other. 
Th e Proposition. y implied by the restriction ESecondly. Let the angles ACB, DFE, be both obtuse angles. By 
: e same remark may be made here, Heeeceding in a similar way, it may be shewn that BC cannot be 
js ie namely :—if one circle lies 8s was made under the otherwise than equal to EF. 
circle, the circumferences partly within and partly wit if ACB, DPE be both right angles: the case falls under Eue. 1 26. 
| in two points. of the intersect eac : Prop. xxvu. Alternate angles are defined to be the two angles 
pes 3 xx. CD might be tak + Sich two straight lines make with another at its extremities, but upon 
| by means of an isoscel en equal to CB, and the con opposite sides of it. : : 
; general than Euclid’s, but i triangle. It would, how ~~ Jw hen a straight line intersects two other straight lines, two pairs o1 
y} Prop. xxiv Sima jut is more convenient in practice oom, Miternate angles are formed by the lines at their intersections, a8 in 
_ the side which is on makes the angle EDG at D ty feure, BEF, EFC are alternate angles as well as the angles AEF, EFD. 
differen not the greater of the two ED 4 in the line trop. xxvii, One angle is called * the exterior angle,” and another 
t cases would arise, as , DP; otherwise i le.” 
may be seen by formi we, » interior and opposite angie, when they are formed on the same 
y ing the diff site of a straight line which falls upon or intersects two other straight 


.. It is also obvious that on each side of the line, there will be twoe 

rior and two interior and opposite angles. The exterior angle EGB 

nes the angle GHD for its corresponding interior and opposite angle : 

«lee the exterior angle FHD has the angle HGB for its interior 

opposite angle. 

. : Prop. xxix is the converse of Prop. xxvii and Prop. Xxvitl. 

¥ magnitudes given in the h chesi As the definition of parallel straight lines simply describes them 

Prop. tv. contains the first oes aoe are independent of one an Hy 4 statement of the negative property, that they never meet; it is 

sides and the included angi » when the hypothesis consists « geeessary that some positive property of paralle) lines should be assumed 
gle of each triangle. jom, on which reasonings on such lines nay be founded. 


figures, The 

| ‘ point G might fall bel 

as ow _ 

=a ev it. Prop. xxrv. and Dhak, ceed _ wets 
ber nigga tv. and Prop. vit, j to coche 

Every tri one the third case of the equality of : 
a jangle has three sides and thre Neely 
‘ one triangle are e angles, and » 


BE a ven equal to any three of ano'he 
triarigles y be proved to ual to one another, Rseneve 


ea 









the second, when . Prop. vwitt. ce . as ah ax 
. Prop. roe consists of the oun sides of & Zuclid has assumed the statement in the twelfth axiom, which has 
ot two angles, and patote arg the third, when the hypothesis con’ 1 objected to, as not being self-evident. A stronger objection 
‘opposite to one of the ates either adjacent to the equal ang\es. anpears to be, that the converse of it forms Euc. 1. 175 for both the 
case, not proved by Buslid angles in each triangle. There is « semed axiom and its converse, should be so obvious as not to require 
and one angle in each tri , when the hypothesis consists of {.«: foema) demonstration. 
the two given sides in oh gle, but these not the angles i ; Simson has attempted to overcome the objection, not by any improved 
under a certain restricti triangle. ‘This case however is Aehnition and axiom respecting parallel lines; but, by considering Buclid’s 
Uf two triangles have aes thus: ; swelfth axiom to be a theorem, and for its proof, assuming two definitions 
other, each to each, ete of one of them to two 4 eutione axiom, and then demonstrating five subsidiary Propositions. 
in each a equal to also the angles opposite to one of the - Snstead of Euclid’s twelfth axiom, the following has 
equal sides be both alee , and tf the angles opposite ss & more simple property for the foundation of reasonings om Hi 
be equal in each triangle, or both obtuse angles ; then shall the ‘ Vines ; namely, “If » straight line fall on two parallel straight lines, 
ser gehen Ate oO) rong fing also the remaining angles of the er the alternate angles are equal to one another.” In whatever this may 
Let ABC, ap, ba bes a 1 . exeeed Buclid’s definition in simplicity, it is liable to a similar objection, 
to the two sides DE, DF, ong ge which have the sides AB, being the converse of Euc. 1. 27. 
angle DEF: then, ithe oo each, and the angle ABC Professor Playfair has adopted in his Elements of Geometry, that 
angles, the third side BC i — DEF, be both acute, or be “ Two straight lines which intersect one ‘another cannot be both parallel 
the angle BCA to the equal to the third side Bp, _ tothe same straight line.” ‘This apparently more simple axiom follows 
a < Girect inference from Euc. 1. $0. 


‘First. Let gad atta and the angle B4C to the 


ee ee ACB, DFE opposite to the equal _ Se oi che least objectionable of all the definitions which have 


h proposed on this subject, appears to be that which simply expresses 
conreption of equidistance. It may be formally stared thus : 
HMpralicl ines are such as lie in the same Plane St) 

reocde from, nor approach to, each other.” This includes the con- 
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a 5g 
= 
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ae 2g « Sum of the other two; but is known 1! th: 
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stated by Euclid, t : / 
observes on pete e) lines never meet. 


= ; by: Dr, 

were aoe ama lismus et equidistantia vel idem 
' an ii . : ter a 

Bilan additional reason for this definition being preferred, \ 


arked that the i : 
rig et ga of the terms ypuunmal wapadAnAox, gy 
poe ae — which have been proposed at diff 
_ —— — culty in the twelfth axiom wi 
1, ppendix to Colonel Thompson's “ Geometry w 


— brie leer Brad an 
; a 

Ti tad Bilas onthe seme dds of EP. eee & | 

rs ae oy egmagge rs it is obvious that if one 

eq . to sum of the other two angles, that 

So amy 8 shewn in Euce, m1, 31, and that each of the 

"iq beget is ual e two thirds of a righ t an a 

» bo. , if one angle of an isosceles tw 

le, then each of the equal angles is halfs right te 


a & 
ae 
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angles of a triangle ma e 

angles without producing wide Pong - “* - be equal am 

fa db the tri 1 - e triangle, by drawing thriiteh 
; a —— parallel to the opposite side, as Pragine 

is Commentary on this proposition It is mgaiie 


ge 
oc 









sition, that the third angle of a triangle | 


H 






be also ee by drawing hir fr 
to the other angic*. If any 
pees oes inwards and form what are ealled re-¢ 
enun wn of these two corollaries will requir 
foded, ip definition of re-entering *—§ 
properties not intend to enter into the pr” 
—— which contain such angles. 
ax a 8 words towards the same parts” are a new? 
the extremities A, C ak omitted, it would be doubfil Wis 
BD; or the extremities A B, D were to be joined by the lines 
Toons autan Bf the D, and B, C, by the lines 4D end 8° 
: e other Redeawn, it may be 



























that the 
a best 9 acerca bisect each other, 5 well a# 
the diagonals oe, eee If the am be right 8% 
the diagonals s oom parallelogram be a square oF * rhom 
Poser treats 1 iieopensien stone opposes eagles of « qu 
; Deans or opposite es of a quad 
ee tes te sides Shalt alee ngs ei, that 1% 
Prop. XXxv. or gee proved by Buclid. 

very intelligibly the demonstration is not ¢ 
to consider two 
one of them, to - 

CF; and ‘ 
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NOTES TO BUOK 1. 


It may be observed, that the two parallelograms exhibited in fig. 2 
ly lie on one another, and that the triangle whose base is BC ia 
common part of them, but that the triangle whose base is DE is enti te 
without both the parallelograms. ‘After having proved the triangle 4B 
equal to the triangle DCF, if we take from these equals ‘fig. 2.) the 
triangle whose base is DE, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram ABCD is equal to 
the parallelogram EBCP. In fig. 3, the equality of the parallelograms 
ABCD, EBC, is shewn by adding the figure EBCD to of the 
triangles ABE, DC P. 
In this proposition, the word equal assumes a new meaning, and is no 
restricted to mean coin idence in all the parts of two figures. 

rop. xxxvii1. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point & councide with C, and D with A, then the angle 
of one triangle is supp! ental to the other. Hence the following 
property :—If two triangies have two sides of the one respectively equ 
to two sides of the other, and the contained angles supplemental, the 
two triangles sre equal. 

A distinction ought to be made between egucl triangles and equivalent 
trianyles, the former including those whose sides and angles mutually * 
coincide, the latter those whose areas only are equivalent. 

Prop. xxxix. Lf the vertices of all the equal triangles which can be 
described upon the same base, or upon the equal bases as in . 40, 
be joined, the line thus formed will be a straight line, and is called the 
Joous of the vertices of equal triangles upon the same base, or upon 
equal bases. 

A locus in plane Geometry 1s & straight line or a plane curve, every 
point of which and none else satisfies ® certain condition, With the 
exception of the straight line and the circle, the two most simple loci ; 
all other loci, perhaps including also the Conic Sections, may more 
readily and effectually investigated algebraically by means of their 
rectangular or p lar equations. 

Prop. xu1. The converse of this proposition is not proved by Euclid ; 
viz. If a parallelogram ts double ofa triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same  aake 4 
they shall be between the same parallels. Also, it may easily be shewD 
that if two equal triangles are between the same parallels ; they are either 
upon the same base, or upon equal bases. 

gary. A parallelogram described on @ straight line is said to 
be applied to that line. 

Prop. xiv. Lhe problem is solved only for a rectilineal faxes of four 
sides. If the given rectilineal figure have more than four sides, it may 
be divided into triangles by drawing straight lines from any angle of the 

ure to the opposite angles, and then a parallelogram equal to the 

can be applied to LM, and having an angle equal to E: and 
so on for all the triangles of which the rectilineal figure is composed. 
. The square being considered a3 an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given, 4 is shewn in the noteon Prop. iy 
Book u. 

The student will not fail to remark the anal which exists between 
the area of-a square and the product af two numbers ; and between 
the side of a square and the square root of number, There is, however, 


n5 


lon 
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aE 
if QUESTIONS ON BOOK I. 5u 
| this distinetion to be observed; it is always possibl ; 
1 e to fi 
j of two equal numbers, (or to find the square of a number, os My Produe: ' This Book may be divided into three parts. The first a treats of 
 ealled,) and to describe a square on @ given line; but converse! cae the origin and properties of triangles, both with respect to t sides and 
the of a given square is known from the figure itself a thong f anges: and the comparison of these mutually, both with regard to eqaainey 
number of units in the side of a square of given area, can vow ih ~ & ana inequality. The second part treats of the properties of paralle) lines 
exactly, in such cases where the given number is a square nuint fi and of parallelograms. The third part ‘exhibits the connection of the 
n if the area of a square contain 9 square units at aa ' } properties of triangles and parallelograms, and the equality of the squares 
root of 9 or 3, indicates the number of lineal units in the side o : om the base and perpendicular of « right-angled triangle to the sqnare 
, if the area of a square contain 12 square units, the ~ ae i read with the 
‘the square is ter than 3, but less than 4 lineal units and th ot } Nhen the propositions of the First Book have been = 
no , will exact! thei 5, and there ty «, the student is recommended to use different letters in the diagrams, 
toaciber exactly express the side of that square: ar iti 
mation to the true length, Soabeen-tuy be obtai quare: an apprasi «ack where it is possible, diagrams of a form somewhat different from those 
¥ y obtained to any assigned exhibited in the text, for the purpose of testing the aceuracy of his know- 
of hed f the d And furth hen he hi se ffici 
: = + ge 0 ne demonstravions. nd further, when he as ome sufnci- 
angle anal he ——— —. the side opposite to the right : ently familiar with the m thod of geometrical reasoning, he may dis- 
ii to ow Pee a e other two sides, the base a Hense with the aid of letters altogether, and acquire the power of express- 
pr ’ ia position, — : ina in general terms the process of reasoning in the demonstration of any” 
4 t squares are described on the outer sides } sos tion Also, he is advised to answer the following questions 
the triangle . The ition may also be demonstrated fi) re he attempts to apply the principles of the First Book to the 60 
j La hgh oma hr deseri ~ se the inner sides of the triangle: on of Problems and the demonstration of Theorems. 
hen. square described on the outer sitle and the other two sque 
\e “ oq ‘ rreaorT 7 7 
el gpd ee (3) — one apr e Ql [ESTIONS ON BOOK L. , 
inner side : uares on outer ides the 
‘As one instance of the third ease. If the precede Be on ae hie - {. What is the name of the Science of which Euclid gives the Ele- 
nuge be described on the inner side of BC ed the squares BG, HC om nents? What is meant by Solid Geometry? Is there, any distinction 


hotween Plane Geometry, and the Geometry of Planes? 

%. Define the term magnitude, and specify the different kinds of 
ti jtude considered in Geometry. What dimensions of space 
to — treated of in the first six Books of Euclid? 

4. Give Euclid’s definition of a “straight line.” What does he 


the outer sides of A , AC; the point D falls on the ie FG (Buel 
ig.) of the square BG, and KH produced meets CEin&. Let lLAn 
% A; then the square GB and the oblong LB are ¢ 
double of the le DAB, t. 41.); and siz by joining £4 


fe HC and oblong LC are each double » triangle & 






a= * really use as his test of rectilinearity, and where does he first employ it? 
Pony es Bar eeonce os tho byponaws — sides AB, AC are together What objections have been made to it, and what substitute has 
use BC. a proposed as an available definition? How many points are necessary to 
By this proposition my be own magus equal to the sum of any given A» the position of a straight line ins plane? When is one straight 
erence of tro given multiple of a given square: or equal to ™ said to cut, and when to meet another ? 
ares, : What positive property has a Geometrical point? From the 
‘The truth of as pager may be exhibited pe ' eye te is iefmition of a straight line, shew that the intersection of two lines i8 a 
lar instances. Seer eh thas right-angied trian ect pout. 
overs is 4, and 5 units . If through the —s a 5 Give Euclid’s definition of a plane rectilineal angle. What are 
age ee je t ee upon the ~ anes the limits of the angles considered in Geometry? Does Euclid consider 
enn dhe e sides (see the notes on Book it.), it will be 


squares will be il a angles greater than two right angles ? é wee 
: divided into 16 and 25 small squer” BS. When is a straight line said to be drawn at right angles wl 
— of the same magnitude; and Seti ber of the small squass ~ . 





to which the on the t J perpendicular, to a given straight line? ; ‘ 
‘the number nb ont its perpendicular and base ate divided is eq™ | 7. Define a triangle ; shew how many kinds of triangles there are ac 
to Prop. xLvisr is the c) square on the hypotenuse is divided. eording to the variation both of the angles, and of the sides. 
the Corollary that the of Prop. xiv. In this Prop. '* esse _ & Whatis Buclid’s definition of a circle? Point out the assumption 
a.” and the conver described two equal lines by ; involved in your definition. Is any sxiom implied in it? Shew that 
on Dp XLVI. bg cal have been sppen’™” in this as in all other definitions, some geometrical fact is assumed a3 
"The First Book of Enclid’s Elements, tt 3 worst __ tomehow reviously known. sg ie 
with the construction and en) has been seen, is cOnv’™ %. Define the quadrilateral figures mention by clid. ‘ 
‘own the definitions which limit Tectilineal figures, It firs" Be 10. Describe briefly the use and foundation definitions, axioms; 
Book, next the three discussion in the | io, mad-postulates: give illustrations by en instanes On . 
the constructions in » Geometry are eff ts ea Yate — Tn Pa on m8 be made =e method and order i To 
axiot expre principl * 4 id down. entary abstractions 
axioms, Wiel cen ofthe things debned. 7" ® a is eee $ y 
- se 


er 
Reine 


Py teetry? What other method has been suggested? 
' = < 


: : Are defini. 
fees Geoper ions? Are they arbitrary? Are they convertible! a 
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12, What distinctions may be made between i 
of Geometry and in the Physical Sciences ? photons eo, 
"13, What is necessary to constitute an exact definition ? 


tion admit of proof on the principles of the Science 


2 
14, Enumerate the principles of construction assumed b 
15, Of what instruments may the use be Reetered to bey — 
the demands of Euclid’s postulates? Why only aprevinee “J 
16.0% circle may be described from any center, with any straigh 
line as radius.” How does this postulate differ from Eucld’s, 4 
which of his problems is assumed in it? — 
—— es paiaciplas in the Physical Sciences correspond to axioms 
18, Enuinerate Euclid’s twelve axioms and point out those which 


have special reference to Geometry. State the converse of those which 


19, What two tests of equality are assumed by Euclid? Is the 
assumption of the principle Of superposition (ax. 5.), essential to all 
Geometrical reasoning? Is it correct to say, that it is “an appeal, 
though of the most familiar sort, to external observation’? 

20, Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what advantages or disadvantages? 

21, Define the terms, Problem, Postulate, Axiom and Theorem. 


Are any of Euclid’s axioms improperly so cal.ed* 


22. Of what two does the enunciation of Problem, and of 
consist? uish them in Bue. 1. 4, 5, 15, 1%. 

23, When is a problem said to be indeterminate > Give an example 

94, When is one proposition said to be the converse OF poclerors of 


Give examples. Are converse ly true? 
. “ prepositions universally tru 
If not, — what circumstances are they necessarily true? Why s 
demonstrate converse si ; they proved ? 
7 i propositions ¢ How are they 
26, the meaning of the word proposition. Distinguish between 


28 and contrary propositions, and give exa™ ] 

é " P es. 

SS ... as to whether Geometrical reasoning depend 

27 eness upon axioms or defimhens- ; 

MTs Explain the meaning of enthymeme and syllogism. How is the 

ee eens tie trem. Wf the syllogism? Give examp S®- 

°. Or prea ena a State the Laws of demonstration. 

" naa parts, in the entire proces* of establishing 
5 Ey sh between a direct and indirect demonstration. 

analysis? Which. SR GHmEn aaemenie, and. what, DY eh. 

El ete Ee of'ressoning does Euclid sdort ™ = 

$s da aE AEG bees Shs. the eonelusions of Geometry #7¢ 






QUESTIONS ON BOOK 1. 61 


tances 0 i way be taken! aa the radi of the wenandralsae ead 
give the fin each case. 

36. Explain how the propositions Buc. 1. 2, 3, are rendered 
by the restriction imposed by the st a Is it necessary for 
the proof, that the triangle described in Euc. 1. 2, should be equilateral? 
Could we, at this stage of the subject, describe aa i es triangle on 4 
given base ? 

37. State how Buc. 1. 2, may be extended to the following problem: 
“From a given point to draw a straight line ina given direction &q 
a given straight line.” 

38, How would you cut off from a straight line unlimited in both 
directions, & length equal to a given straight line? 

39. In the proof of Buclid 1. 4, how much depends upon Definition, 
how much upon Axiom ; 

40, Draw the figure for the third case of Euc. 1. 7, and state why it 
needs no demonstration. 4 

41. In the construction Euclid 1. 9, is it indifferent in all cases on 
which side of the joining line the-equilateral triangle is described ? 

42, Shew how 4 given straight line may be bisected by Eue. 1. 1. 

43. In what cases do the lines which bisect the interior 
plane triangles, also bisect one, or more than one of the 
opposite sides of the triangles? 

44. “Two straight lines cannot have a common segment.” Has this 
corollary been tacitly assumed in any preceding proposition ? 

45. in Bue. 1, 12, must the given line necessarily be “ of unlimited 
length” ? 

$6. Shew that (fig. Euc. t. 11) every point without the perpendi- 
cular drawn from the middle point of every straight line DZ, is at unequal 
distances from the extremities D, E of that line. 

47. From what proposition may it be inferred that # straight line is 
the shortest distance between two points ? 

48, Enunciate the propositions yoo employ in the proof of Buc. 1. 16. 

49. Is it essential to the truth of Euc. 1. 21, that the two straight 
lines be drawn from the extremities of the base? 

60, In the diagram, Eue. 1. 21, by how much does the greater angle 
BDC exceed the less BAC? 

61. To form a triangle with three straight lines, any two of them 
must be greater than the third: is a similar limitation necessary with 
respect to the three angles? 

62. Is it possible to form & triangle with three lines whose lengths are 
1, 2, 3 units: or one with three lines whose lengths are 1, ¥2, 732 

63. Is it possible to construct & triongle whose angles shall be as the 
fumbers 1, 2,3? Prove or disprove your answer. 

54, What is the reason of the limitation in the construction of Buc. 
1. 24, viz. “ that DE is that side which is not than the other?” 

55. Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered. 

66. Is the following proposition universally true? “If two plane 
triangles have three elements of the one respectively 
elements of the other, the triangles are equal in every respect.” Enu- 
merate all the cases in which this equality is proved in the First Book. 


___ What case is omitted ? 


i ea must be given in order that the triangle 





59, Shew that the angle contained between the perpendicul 
I | she rote pt which meet each other, i al ee 
aarp the lines themselves, te } 
i 60. two triangles necessarily equal in all respects, where a sid 

a a one are —_ to a side and two angles of the ocd 

61, Illustrate fully the difference between analytical and syn: 

proofs, What propositions in Euclid are demonstrated enalyteciiy 

62. Con pot oh a predicated of any two straight lines that 

never meet if in tely produced either way, antecedently to our \ 

_ ledge of some other property of such lines, which makes the pr. ‘ 
first licated of them a necessary conclusion trom it? 

63, Enunciate Euclid’s definition and axiom relating to pa 


* straight lines ; and state in what Props. of Book t. the ¥ are used 


64, What is the converse to the twelfth axiom of 
First Book ? t other two propositions are complementary to t 
65. If lines bein ever so far do not meet; ean thy 
than el? Ifso, under what circumstances? 


©. 66. Define adjacent angles, opposite angles, vertical angles, and altorn.‘ 
angles; and give examples from the First Book of Euclid. 


67, Can you su anything to justify the assumption im the 
twelfth axiom elites tes poeet af Bue. 5. 29, ispanbl 
- 68. What objections have been urged against the definition and 
doctrine of el straight lines as laid down by Euclid? Where 
the difficulty ? What other assumptions have been sugj 
and for what reasons ? 


69. Assuming as an axiom that two straight lines which cu 
another cannot both be el to the same straight line ; deduce Ex 
twelfth axiom as a corollary of Buc. 1. 29. 

From Eue. 1. 27, shew that the distance between two per 


ey ens constant? 7. 
aampanant t lines be not parallel, shew that all straight lines 
| ‘ Jes, which differ by the same angle . 


parallel straight lines that th 
that produce a t line towards the same parts; 
iso Busta ees ever so far ways they do not meet? 
73. Whatis meant by means of the same ee . 
Ca these: exterior and inferior angles ? Point out exar s- 
ie es on go triangle be proved equal to two "5" 
how 8 side of the triangle ? 
iece of paper ™) 


of a 
turned down, 80 as to exhibit to on re see Saree angles 


4 
E 
Uy 


rove 


/ 


, Enunciate the °* 
er proof of the & 


Bre examples from the First Book of Euclid. 


= 
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it . QUESTIONS ON BOOK I. 63 
_ 68. State the converse of the second case of 

what limitations is it true? Prove the prepaaition nap Under ow bisect each other: and when its ~— 


x hen its diagonals 
Pama. it into four triangles, which are equal, two and two, vis. those 


which have the same vertical angles. ‘ 
to, If two straight lines join the extremities of two 
Hines, but not towards the same parts, when are the joining 
4d when are they unequal ? i 
os 80. If either dlametst of a four-sided fi divide it into two equal 
triangles, is the figure necessarily 4 ewe ogram? Prove your answer. 
&). Shew how to divide one of the parallelograms m Euc. 1. 35, 
by straight lines so that the parts when properly arranged shall make 
ap the other parallelogram. ; 
"$2, Distinguish between equal triangles 


lines equal, 


and equivalent triangles, and 
83. What is meant by the locus of a point? Adduce instances of 
ipei from the first Book of Euclid. 

How is it shewn that equal triangles upon the same base or 
bases have equal altitudes, whether they are situated on the same 
wosite sides of the same straight line? 

In Eue. t. 37, 38, if the triangles are not towards the same 

shew that the straight line joining the vertices of the tri is 
t ted by the line containing the bases. e 

If the complements (fig. Euc. 1. 48) be squares, determine their 

relation to the whole parallelogram. 
8%, What is meant by a parallelogram being —- a straight line? 
&8. Is the proof of Euc. 1. 45, perfectly general ? 
89. Define a square without including superfluous conditions, and 
ain the mode of constructing a square upon a given straight line 
m conformity with such a definition. 
90. The sum of the angles of a square is equal to four right angles. 
Te the converse true? If not, why? 

Conceiving a square to be a figure bounded by four equal straight 
lines cot necessarily in the same plane, what condition respecting the 
an is necessary to complete the definition ? 

In Euclid t. 47, why is it necessary to prove that one side of 
juare described upon each of the sides containing the right angle, 
be in the same straight line with the other side of the triangle? 
On what assumption is an analogy shewn to exist between the 
Product of two equal numbers and the surface of a square? 
%4. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 
95. Can the side and diagonal of a square be represented simul- 
ee by any finite numbers? 
. By means of Euc. t. 47, the square roots of the natural numbers, 
7&2, 3 4, &c. may be represented by straight lines. 
~ 87. If the square on the hypotenuse in the fig. Euc. 1, 47, be 
‘ on the other side of it: shew from the diagram how the 
pee the two sides of the triangle may be made to cover éxactly 
*yaare on the hypotenuse. 
8. Lf Euclid 1. 2, be assumed, enunciate the form in which Bue, 1.47 


angorticn of triangles and parallelograms, proved 


ea. 
abou 
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: _ EUCLID’S KLEMENTs. 
1 _ ON THE ANCIENT GEOMETRICAL ANALYsis, 
1] 


ion, is a mode of re 





asoning whieh 
required, either 
ect Process, as it 


rins with something given, and ends with somethin 
done or to be proved. This tiay be termed a di 
. from to a a. 
Analysis, or meth resolution, is th , 
| ‘and thus it may be considered an indirect process, a method.) 
; process, a method of reason. 
uences to principles. . 
method is pursued by Euclid in his Elements of 
[| . He commences with certain assumed principles and 
ceeds to the solution of problems and the demonstration of cheng 

by undeniable and successive inferences from them. a 
The Geometrical Analysis was & process employed by the ancient 
both for the discovery of the solution of problems and for 

| of the truth of theorems. In the analysis of a prod- 
' dem, the queesita, or what is required to be done, is supposed to have 

{ wences are traced by & series of geometri- 
(1) Pagal reasonings, till at length they raves ah in the 
data of the problem, or in some previously demonstrated or admitted 
i 1 truth, whence the direct solution of the problem is deduced. 

; Tn the Synthesis of a problem, however, the last consequence of the 
is assumed as the first step of the process. and by proceeding 
in a contrary order through the several steps of the analysis until the 
; terminate in the quesita, the solution of the problem is effected. 
i if in the analysis, we arrive at a consequence which contra- 

truth demonstrated in the Elements, o which is inconsistent 
ns ts of the problem, the problem must be impossible: and 
> ‘Af in certain relations of the given magnitudes the construction 

bl hile in other relations it is impossible, the discovery 


@ necessary part of the solution of the 


he analysis of a theorem, the question to be determined, is, 

rg, the | pplication of geometrical truths proved in the 

he predicate is consistent with the hypothesis. This point 

by assuming ae to be true, and by qe 
peequences of this assum 


t ; tion combined with prove 
‘ry te in the hypothesis of the theorem 
n order the hae theorem will be proved Charge! 
til they terminate mins of the investigation pursued i 
a eS i Bee which was assumed 
: will constitute the demonstration of ‘he 


analysis lead 
demonstra 


fe 
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ae ‘ 
= “Prom the nature of the subject, it must be at once obvious, that no 


r al rules can be prescribed, which will be found a plicable in all 


cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which follow from these constructions and t 
egetmed solution, will shew the possibility or impossibility of arriving 
at some known property consistent with the data of the problem. 
Though the data of a problem may be given in magnitude and 
eosition, certain ambiguities will arise, if they are not properly re- 
serieted. Two points may be considered as situated on the same side, 
or one on each side of a given line; and there may be two lines drawn 
from a given point making equal angles with a line given in position; 
gad to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 
A problem is said to be determinate when, with the prescribed con- 
ons, it admits of one definite solution ; the same construction which 
» be made on the other side of any given line, not being considered 
« different soiution: and a problem is said to be indeterminate when tt 
Smits of more than one definite solution. This latter circumstance 
es from the data not absolutely firing, but merely restricting the 
questa, leaving certain points or lines not fixed in one position only. 
hye number of given conditions may be insufficient for a single deter- 
minate solution; or relations may subsist among some of given 
conditions from which one or more of the remaining given conditions 
may be deduced. 
ir the base of a right-angled triangle be given, and also the differ- 
enee of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
right angle, the base, and the difference of the squares on the 
jotenuse and perpendicular, it is obvious that these three apparent 
ditions are in fact recucible to two: for since in a right-angled tri- _ 
sole, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
enee of the squares on the hypotenuse and perpendicular, is equal to 
the square on the base of the triangle, and an the base is known 
from the difference of the squares on the hypotenuse and perpendicular 
being known. The conditions therefore are insufficient to determine 
& right-angled triangle; an indefinite number of triangles may be 
found with the prescribed conditions, whose vertices will he in the line 
Which is perpendicular to the base. 
If a problem relate to the determination of @ single point, and the 
data be sufficient to determine the position of that point, the problem 
minate : but if one or more of the conditions be omitted, the 
which remain may be sufficient for the determination of more 
one point, each of which satisfies the conditions of the problem; 
in that case, the problem is indeterminate: and in general, such points 
/ are found to be situated in some line, and hence such line is called the 
, Joous of the point which satisfies the conditions of the 
igh given points A and B (fig. Euc. rv. 5.) be joined by 











line 4B, and this line be bisected in D, then if a 
drawn from the point of bisection, it is manifest that a 






Geometrical Exercises which follow, only those local problem» 
given where the locus is either a straight line or a cirele. 

Whenever the quiesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be ef 
essential or of the accidental kind. When the quesitum is a str 
line or a circle, (which were the only two loci admitted into the ane 


determinate case; but will not ixvariably or even very frequently © 
This will be the case. when the line or circle shall be so far arb 
In its position, as depends upon the deficiency of a single condit 
fix it tly ;—that is, (for instance) one point in the line, 0 (we 
' in the circle, may be determined from the given conditions, but 
remaining one is indeterminate from the accidental relations among 
the data of the problem. 
~ Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three different ways; first, from the coincidence of two pdinns; 
secondly, from that of two straight lines; and thirdly, from thet 
of two circles. These, further, are the only three ways in which this 
accidental coincidence of data can produce this indeterminateness ; that 
is, in other words, convert the pro lem into a Porism. : 
~" In the original Greek of Euclid’s Elements, the corollaries to the 
: risms (wopconara); but this scarcely explains 
the nature of porisms, as it is manifest that they are different fror 
e deductions from the demonstrations of propositions. Some 
alogy, however, we may suppose them to have to the porisms or 
cor es in the Elements. Pappus (Coll. Math. Lib. vil. pref) in- 
forms us that Euclid wrote three books on Porisms. He defines “s 
orism to be between a problem and a theorem, or that (© 
something is | to be investigated.” Dr. Simson, to whom 
, restored the porisms of Euclid, gives the !o- 



















- | 


ely, which are given in the conditions of the problem. f | 


tary Geometry) the problem may admit of an accidentally pa 


¢ ; : 


of propositions: “Porisma est propose 
pponitu strare rem aliquam, vel plures datas esse, ©! 
, ut et cuilibet ex rebus innumeris, non quidem, da’ = 
d ea que data sunt eandem habent velationem, convenire 
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Tibed with any point in the perpendicu ,— “ 
i to its distance from one of the vase aa a he st affectionem quandam communem in propositione deserip- 
prs ; ‘nt and the dicular will be the | pass] (hain hat is, “ A Porism isa proposition in which it is proposed to 
Ircles which can be described passing through th ~ cous Of all the te that some one thing, or more things than one, are given, to 
hese , if'a third point O be tak peal pomts also to each of innumerable other things, not given ! 
with | po taken, but not in the same st : : ‘ it is to be 
| the other two, and this point be joined with the fi TREN ling chicth have the same relation to those which are given, it is to 
hen the perpendicular drawn from the bisection F Sik ee r: s tthat there belongs some common affection deseribed in the 
the locus of the centers of all circles which h weiiewphegte | ivion.” Professor Dugald Stewart defines a porism to be “A 
third points 4 and C. But the die through the first an, fon affirming the possibility of finding one or more of the con- 
first and second points 4 and B el ™ —ptes section Gf the of an indeterminate theorem.” Professor Playfair in # paper 
which pass th: ch these two points. ler @ centers of circle which the following account is taken) on Porisma, —_ in the 
these two per} iculars, will be the — the intersection Pot jons of the Koyal Society of Edinburgh, for the year 1792, 
‘thro’ the points and i tied the of a circle Which porter a porism to be “A proposition aflirming the possibility of find- 
a this teakhod of solving geometricu? proble: of the two lee Seach conditions as will render a certain problem indeterminate or 
sued with advanta problems may be pup He of innumerable solutions.” Z 
; xe, by constructing the locus of every two ba nf mr much difheulty be perceived that this definition 


1) may without ‘ t 
pepresents a porism as almost the same as an indeterminate problem. 
There is a large class of indeterminate problems which, are, in general, 
loci, and certain detined cones Every indeterminate 
sroblem ‘containing a locus may be made to assume the form of a 
, m., but not the converse. Porisms are of a more general nature 

indeterminate problems which involve a locus. ; 
Che Ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They never considered a problem as solved till they had distinguished 
sil its varieties, and evolved separately every different case that could 
peeur, carefully distinguishing whatever change might arise in the 
eenatruction from any change that was supposed to take place among 
the magnitudes whict. were given. This cautious method of proceed- 


saustly 


be 


tha 


















ine socn led them to see that there were circumstances in which the 
‘ solution of a problem would cease to be —s and this always 
happened when one of the conditions of the data was inconsistent with 
Setmerest. Such instances would occur in the simplest problems ; bat 
fi the analysis of more complex problems, they must have remarked 

nal) iy } A, 
that their constructions failed, for a reason directly contrary to that 


gamigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intersecting 
another, as they did in general, or of not meeting at all, would 
ide with one another entirely, and consequently leave the question 
Ived. The confusion thus arising would soon be cle up, by 
ing, that » problem before determined by the intersection oF two 
would now become capable of an indefinite number of solutions. 
Was soon perceived to arise from one of the conditions of the pro- 
involving another, or from two parts of the data becoming one, 
that there was not left a sufficient number of independent conditions 
ine the aay to a single solution, or any determinate number 
ution t was not difhcult afterwards to perceive, that these 
problems formed very curious propositions, of an indeter- 
nature between problems and hecremaa, sd that ad- 
f ef ag agnor separately. It was to such 
ciated that the ancient geometers gave the name 


cd the Poritsms. 
Res, it will be found, that some problems are 


within 
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certain limits, and that certain magnitudes increase while 
crease within those limits; and alter having reached a ce 

the former begin to decrease, while the latter increase. Thi: 
stance gives rise to questions of mazimaand minima, or the 
and least values which certain magnitudes may admit of in 


minate problems. 
In the following collection of problems and theorems, m 

of a character, (being almost obvious ded 
from tions in the Elements) as scarcely to admit of t 
ciple of Geometrical Analysis being applied, in their soluti 
ar nicortae a —— that a clear and exact k 
principles o' Geometry must necessarily precede 
- telligent application of them. Indistinctness or defentin ene 
derstanding with respect to these, will be a perpetual source 
and confusion. The learner is therefore recommended to u 
the principles of the Science, and their connexion, fully, 
attempt any applications of them. The following direc 
assist him in his proceedings. 


ANALYSIS OF THEOREMS. 
1. Assume that the Theorem is true. 
9. Proceed to examine any consequences that result 
admission, by the aid of other truths respecting the diagra 
have been end proved. 
3. Examine whether any of these consequences are already & 
to be true, or to be false. 
4. Ifany one of them be false, we have arrived ata reductio 
surdum, which proves that the theorem itself is faise, as in Eue 
5. If none of the co wences so deduced be known to be 
true or false, proceed to deduce other consequences from all or 
in (2). —. (4) “and if 
ne these results, and proceed as in (3) and (4); andi 
still without any conclusive indications of the truth or falsel 
the alleged theorem, proceed still further, until such are obtaine 


~—_ ANALYSIS OF PROBLEMS. 
1, In general, any given problem will be found to depend on 


and theorems, and these ultimately on some Pp 


y of 







_ er th d th iation, ard 
e diagram as directe in the enunciation, aa s¥p 
ear the ion of the problem effected. r Fa 
ye the relutions of the lines, angles, triangles, & 
be : ee ies Bipecience of the assumed solution ©® som 
or problem in the Elements. ; 
se Mc as the ea found, draw other lines parallel or perpe® 
Bea iy ay requit Mg iven points, or points & med 
te the ; ne, CANCE _ Gi if need be: and then procees 
the, de , of the assumed solution on some thec™™™ or 
in 


bate’ ® not the first unsucessful attem at the on of & 
Prien Soak tect ts have been [" 
to fo the discovery of gther theorems and proolems, 

— . 
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PROPOSITION IL. PROBLEM. 
To trisect a given straight line. 








years, Let AB be the iven straight line, and suppose it 
to three equal parts in the points D, 
© 





F 
(ies 7S ™ 
A D E B 
On DE describe an equilateral triangle DEF, 
then DF is equal to 4 D, and FE to EB. 
On AB describe an equilateral triangle ABC, 
and join AF, FB. 

Then because AD is equal to DF, 
therefore the angle AFD is equal to the angle DAF, os 
and the two angles DAF, DFA are double of one of them DAF. 

But the angle F-DZ is equal to the an les DAF, DFA, 
and the angle FDE is equal to DAC, each being an angle of an 
equilateral triangle ; 
therefore the angle DAC is double the angle DAP; 
wherefore the angle DAC is bisected by AF. 
Also because the angle FAC is equal to the angle FAD, 
and the angle FAD to DFA; 
therefore the angle CA F is equal to the alternate angle AFD: 
and consequently F'D is parallel to A cc 
Upon 4B describe an equilateral triangle 4 BC, 
sect the angles at 4 and B by the straight lines 4 F, BF, meeting in F; , 
through F draw FD parallel to AC, and FE parallel to BC. 
Then AB is triseeted in the points be B. 
For since AC is parallel to FD and FA meets them, 
therefore the alternate angles FAC, AFD are equal; 
but the angle F.4D is equal to the angle Pac, 
Py hence the angle DA F is equal to the angle 4 FD, 
ts and therefore DF is equal te DA. 
But the angle FE is equal to the angle CAB, 
‘ and FED to CBA; (1. 29.) 
Gerefore the rema 


os ining angle DFE is equal to the remaining angle 


the three sides of the triangle DFE are equal to one another, 
and DF has been shewn to be Pret ms DA, 

\ therefore 4D. DE, EB are equal to one another. 

ce the following theorem. 


. 
i ; 
= , 
od : 
» a 


° 


~*" 


Synthesis 













p angles at the base of an equilateral triangle be bisected | 
: which meet at a point within the triangle; the two 
n this point parallel to the sides of the divide the 


three equal parts, 
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Note. There is another method whereby a line may 
into three equal Lap :—by drawing from one extremity of 
line, another making an acute angle with it, and taking th 
‘distances from the extremity, then joining the extremities, anc 
the other two points of division, drawing lines parallel to 
through the other two points of division, and to the given 


e line EAF drawn through 4. so that B.A is equal to AF: 
D 


G 
three triangles thus formed are equal in all respects. Thi! }) 
extended for any number of parts, and is a particular case of E f 
' PROPOSITION II. THEOREM. 2 a zo 


If two opposite sides of a parallelogram be bisected, and feo lines 
from the points of bisection to the opposite angles, these (wo line 
the diagonal, 

Let ABCD be a Helogram of which the diagonal is 
Let AB be bisected in B, and DC in F, 
also let DE, FB be joined cutting the diagonal in G, 1. 
Then AC is trisected in the points G, J. 
A EB B 


} 
A draw AG parallel to BC, and GH parallel to EF. 
ecee’, HE isa rarallelogram, wherefore A E is equal to agg 
ut BA te equal to AF by hy re therefore GH is equal to AF, 
‘ieace in the triangles BHG, GAL, 
’ the iiies HBG, AGF are equal, as also BGH, GFA, (1. 29.) . 
also the side GH is equal to AF; 
whence the other parts of the triangles are equal, (1. 26.) 
therefore BG is equal to GF. 
Svnthesis. Through the given point A, draw AG parallel to BC; di 
on GD, take GF equal to GB; 
} then F is a second point in the required line: 
; join the points F, A, and produce FA to meet BCin EB; 
then the line FE is bisected in the point 4; 





> » draw GH parallel to AB. 
be Then in the triangles BGH, GFA, the side BG is equal to GF, 
Through F draw EX parallel to AC and meeting FB in K and the angles SS + és me 8 KT GA, GFA, 
Then because EB is the helf of 4B, and DF the half of D¢ ere . 7 eq a . 
therefore EB is equal to DF; but GH is equal to 4B, (1. oo) a 
and these equal and parallel straight lines are joined towards the therefore AE is equal to AF, or EF is bisected in A. 
same parts > ee FB; = Mel. (1.33) r PROPOSITION IV. PROBLEM, 
therefore DE an are equal and parallel. (1. 9. 5 oo ntlliciad eae : . Prec eel ‘ 
. ye because d EB Coste the parallels EK, AC, . tier Ad straight pe erting a phe g tg pa equal z 
therefore the exterior angle BEX is equal to the interior angle Bt” a. eG also prove, that the sum of these too lines is lesa than the 
For a similar reason, thé a EBK is equal + ag aon ”. ‘ rum af any other tee lines draton to any other point in the line, 
Hence in the triangles A EG, EBK, there are the two ang’™ Mhalysis. Let A, B be the two gi i i i 
He ‘ ah ysis. Let A, given points, and CD the given lin. 
er" sls sha equal to the two angles K = eres y Suppose G the required point in the | wm such that AG end BY 
feast te =e to the equal angles in each triangte, =" joined, the angle AGC is equal to the angle BGD, “e 
therefore 4G is equal to EX, (1. 26.) an am = + 
but EK is equal to GH, (1. 34.) therefore AG is equal to ay 
By a similar process, it may be shewn that @ is equal to 1 


Wence 4G. GH, HC are equal to one another, = 

and therefore AG is trisected in the points G, H. ae 

It may also be proved that BF is trisected in H and K, oe 

PROPOSITION III. PROBLEM. 

Draw through a point, between ht Ui t 

straight line which shall be bisected in aaoae pies 
Analy Let BC BD be the two lines ting in 

be the given point between them. weed “4 









¥ dicular to CD and meeting BG in 
en, because the angle BG@D is equal to AGF, (hyp.) i. 


and also to the vertical le FG EB, 1 
erefore the angle AGF is a to the wot her: 
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also the right angle 4 FG is equal to the right angl 
: and the side FG is common to the two triangles 4 he 


Hence the point Z 
— inversection of CD and BE. Larougt 
Synthesis. From 4 draw AF icular to CD an * 
it to E, making FE equal to AF, — BE cutting CD “\. 
Join also 4G. 


Then AG and BG make equal angles with CD, 
For since AF is equal to FE, and FG is common to 
triangles AGF, EGF, and the ineluded angles AFG, EFG « 
therefore the base AG is equal to the base Af, 
and the AGF to the angle EGF; 

but the angle EGF is equal to the vertical angle B( 
therefore the angle AGF is equal to the angle BU 
that is, the straight li AG and BG make equal an 
the straight line CD. 
Also the sum of the lines AG, GB 1s a minimum 
For take any other point H in CD, and join BH, H 
Then since any two sides of a triangle are greater than th 
therefore EH, HB are greater than EB in the triangl 

But BG is equal to AG, and EH wo AH; 
therefore AH, HB are greater than 4G, @ B. 

That is, 4G, GB are less than any other two lines which 
drawn from A, B, to any other point H in the line cD. 

By means of this Proposition may be found the shortest p» 
one given point to another, subject to the condition, that 
meet two given lines. 

PROPOSITION V. PROBLEM. 

Given one angle, a side opposite to it, and the sum of the other tw 
construct the triangle. 

Analysis, Su BAC the triangle required, having B: 
‘to the given side BAC ual to the given angle opposite to 

BD equal to the sum of the other two sides. 
D 


. * 
B 


. Join DC. 
Then since the two sides BA, AC are equal to BD, by 
from these equals, the remainder AC is equal to the remaind 












Hence the ACD is isosceles, and therefore the an 
is equal to the ACD. 
se BAC of the triangle ADC is eq 


two interior and op es ACD and ADC: 
: “witerefore the angie BACs double the angle BDC, 













ard 
therefore 4G is equal to EG, and 4F to Fk, |“ Pee, 
known, the point G is determi” a] 





\ ON BOOK L 13 


- point Din BD, make the angle BDC equal to half the 

ngle, 

from B the other extremity of BD, draw BC equal to the 
iven side, and meeting DC in C, 

ye in CD make the angle DCA equal to the angle CDA, so 


atts goat CA may meet BD in the point A. RY 
n the triangle ABC shall have the required conditions. 
—— } PROPOSITION VI. PROBLEM. 


ey yecet a triangle by a line drawn from a given point in one of the sides. 
alysis, Let ABC be the given triangle, and D the given point 


in side AB. 
A 
dD] : 
Pe WN 
~] gB F ce 


B 
Suppose DF the line drawn from D which bisects the triangle; ; 
got the triangle DBF is half of the triangle ABC. * 
Bisect BC in EZ, and join AR, DE, AF, 
then the triangle ABZ is half of the tri ABC: 
hence the triangle ABE is equal to the tri DBF; 
take away from these equals the triangle DBE, 
therefore the remainder A DE is equal to the remainder DEF, 
; Bat ADE, DEF are equal triangles upon the same base DZ, and 
on the same side of it. 
they are therefore between the same parallels, (1. 39.) 
that is, AF is parallel to DE, 
therefore the point F’ is determined. 
Synthesis. Biseect the base BC in Z, join DE, 
| from A; i 3 AF parallel to DE, and join DF. ‘ » 
hen because DZ is lto AF, 
therefore the triangle ADE is ord to te triangle DEF’; (1. 37.) 
| to each of these equals, add the triangle BODE, ak 
therefore the whole triangle ABZ is equal to the whole DBF, 
\ 3 but ABE is half of the whole triangle ABC; . 
therefore BDF is also half of the triangle ABO, 


& : PROPOSITION VII. THEOREM, 


if from a point without a parallelogram lines be dra extremi 
co adjacent sides, and of the diagonal which op estos the = 
thus formed, that, whose base ts the diagonat, ts equal to sum of 


« ABCD be a parallelogram of which 40 i diagoeals, 
FAP be any point without its and let AP PO, BP, D | 


AP triangles APD, APB are toga’ sltiean’ bo’ at 
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s t 
Given two points one on each side of a given straight line 
/ * * sint in the line such that the angle contained by two lines 
‘ the given points may be bisected by the given line. i 
| Wn the fig. Fuc. 1 6, let F and G be the points in the sides 
| : ana 4 C produced, and let lines FH and GK be drawn pe 
| : b Cc bg and equal to FC and GB respectively : also if BH, CK, or 





ines produced meet in O; prove that BH is equal to CK. and 
CO. : : 
, "36. From every point of a given straight line, the straight lines 
deanna to each of two given points on opposite sides of the line are 
equal: prove that the line joining the given points will cut the given 
line at right angles. , 
17 fr A be the vertex of an isosceles triangle ABC, and BA be 
duced so that AD is equal to BA, and DC be drawn; shew that 


OP et tek eer 2 AD or BC, and meeting AB in G, ane 
se t les CBP, CBG are equal: (1. 37.) 


and taking the common CBH from each, 
the remainders PHB, CHG are equal. 
. Again, the triangles DAP, DAG are equal; (1. 37.) 
also the triangles DAG, AGC are , being on the same 
AG, and between the same lels AG, DC: 
therefore the triangle DAP is equal to the triangle AGC: 


BCD iaa right angle. 
ik 1 beers ght line EDF, drawn at right angles to BC the base 
of aa aeosceles triangle ABC, cuts the side A B in D, and CA pro- 





* but the triangle P//B is equal to the triangle CHG, duced in E; shew that AED is an isosceles triangle. 
, wherefore the triangles P17B, DAP are equal to AGC, CHF? ‘> In the fig. Euc. 1. 1, if AB be produced both ways to meets, 
ACH, add to these equals the triangle APH, he ‘es in D and E, and from C, CD and CE be drawn; the figure 
therefore the triangles APH, PHB, DAP are equal to APH, }4( LIE is an isosceles triangle i each of the angles at the base, 
bias jual to one fourth of the angle at the vertex of the triangle. 


that str triangles APB, DAP are together equal to the c : 20, From a given point, draw two straight limes making equal 
i If the point P be within the parallelogram, then the difference a . angles with two given straight lines pepe rae one another. 
i the Pecans : i 


as = 21. From a given point to draw a straight line to a given straight 
PAU. APB, DAP may be proved to be equal to the trut “line: that shall be bisected by another given straight line. 


782 Place a straight line of given length between two given 
ES , i i-s/ ole lines which meet, so that it shall be equally inclined to each 
ofthe. 
. To determine that point in a straight line from which the 
straieht lines drawn to two other given points shall be equal, pro- 
« * lice les triangle upon a given base and havité t vided * line joining the two given points is not pespendioaian to the® 
Describe sosce H ne. 
‘each of the sides double of the base, without using any propositio SS Tn a given straight li : : 
, y iow " given straight line to find a point equally distant from 
the eeeeeesaoest tO the aden Ber py bape ose ” tae lines. . what case is this im ible? 
given, fulfill i . , ’ >. ine intercepted betw th tr 
of each of +d equal sides in order thet an isosceles triangle ma) Le ” a line intercepted between the extremity of the base of an 





















Jes triangle, and the opposite side (produced if necessary) be 

construvted? . f ide of the triangle, the angle formed by this line the 

9. In the fig. Buc. 1. 5. If FC and BG@ meet in H, then Be duc i three tines 4 

tes ai he tte FA ie | uced, is equal to three times either of the equal angles of the 
the fi 1. 6. If the angle FBG be equal to the ay» .” In th i i i 
Mand BG, OF, th Oy the eagle BOF 1s equal tof e base BC of an isosceles triangle 4 BC, take a point D. 


imCA take CE equal to CD, let ED juced meet 4 B ; 
then 3.AEF=2 right angles + A FE, or=4 right angles+ AFR. * 





11. From the extremitiesof the base of anisosceles triangle 
perpendicular mag 







2 _ If from the base to the opposite sides of an isosceles triangle, 
ie eee the angles m ight lines be drawn, m bon ooatl canis with the! base, vis. 
Fg angle contain % the t an yi Oe ota tas eanely ee 
of an isc : : ogether e te 

des of an isos third side at right ‘s aight line is drawn, terminated by one of the sides of an 
‘also bisect triangle is f bisected 


, and by the other side and by 
hat the ‘straight lines, thus intercepted between the 
R2 
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vertex of the isosceles triangle, and this straight line, ar 
equal to the two equal sides of the triangle a: 
29. Ina tri , if the lines bisecting the angles at th 
equal, the triangle is isosceles, and the angle contained by th) 
ing lines is equal to an exterior angle at the base of the trian, 
30. Ina triangle, if lines be equal when drawn from the > 
ties of the base, dicular to the sides, (2) bisecting t 
\ (8) making equal angles with the sides; the triangle is i x 
and then e lines which respectively join the intersections of u 
sides, are parallel to the base, 


iL 7 

31. ABCis a triangle right-angled at B, anc having® the angi 
double the angle C; <n that the side BC is less double 
side AB. ; 

32. Ifone angle of a triangle be equal to the sum f the o 
two, the greatest side is double of the distance of its middle point ! 
the opposite angle. : 3 

- 83. If from the right angle of a ri ht-angled triangle, 
lines be drawn, one perpendicular to the base, and the oth 
it, they will contain an angle equal to the difference of the fwo « 
angles of the triangle. i ‘ A | 

34. Ifthe vertical angle C4 B ofa triangle ABC be bisected 
AD, to which the setgpelionlers CE, BF are drawn from the ret 

ing angles: bisect the base BC in G, join GE, GF, and prove 
lines equal to each other. ; 

35. The difference of the angles at the base of eny triang 
double the angle contained by a line drawn from the vertex pé 
dicular to the base, and another bisecting the angle at the verte 

36. If one angle at the base of a triangle be double of the 


ide i al to the sum or difference of the segments \ 
age «once pendicular from the vertex, according ' 


oO atre 
bisec 








lines, a line be drawn to 
posite of the triang!e, it will bisect that angle. : 
6. rom the ‘ang of a scalene triangle draw a right 1 
the base, which shall exceed the less side as much as It 
greater. ; : ; 
Divide a right angle into three equal angles 
One of the acute angles of @ right-angled triangle 
as the other; trisect the smaller of these. 


the distances of say pu 
® triangle from the three angles is greater than pe 
















aa 


; 


> 


ie 
; 











= h of the third 


F — equilateral triangle. 


o 
iy 
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but greater 
the opposite 


44. In a plane triangle an angle is right, acute or obtuse, ac- 
pord’ng as the line joining the vertex of the angle with the middle 
pont of the opposite side is equal to, greater or less than balf of 


the: side. 

5. If the straight line AD bisect the angle A of the triangle 
+) C. and BDE be drawn perpendicular to 4D and meeting AC or 
4© produced in EF, shew that BD = DE. 

46. The side BC of a triangle ABC is —— to a point D. 
The angle ACB is bisected by a line CE which meets 4 in B. 
A ‘ine is drawn through & parallel to BC and meeting AC in F, 

the line bisecting the exterior angle ACD, in G. Shew that 

‘is equal to FG. ~ 

47. ‘The sides 4B, AC, of a triangle are bisected in D and B 
eevpectively, and BE, CD, are produced until EF'= BB, and GD=DC; 
Shew that the line GF passes through 4. 

18. In a triangle ABC, AD being drawn perpendicular to the 

swaight line BD which bisects the angle B, shew that a line draw 
m D poe to BC will bisect 4C. 
49. If the sides of a triangle be trisected and lines be drawn 
through the points of section adjacent to each angle so as to form 
sfother triangle, this shall be in all respects equal to the first 
triangle. 

wa meer hay — straight lines it is required to draw a 
straight line which shall be equal to i straight line, 
Siellel to another. % Rees - ~y 

51. If from the vertical angle of a triangle three straight lines 
@rawn, one bisecting the angle, another bisecting the base, and 2 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. » 

52. In the base of a triangle, find the point from which, lines 
@rawn parallel to the sides of the triangle and limited by them, are equal, 
— the ae a triangle, to find a point from which if two 

n rawn, (1) perpendicular, (2) parallel, to the two si 
. their sum shall be equal to a oon line, —— 
id TIL. 

~ _ 54. In the figure of Euo. 1. 1, the given line 

. . ~ ra, 18 
— of the on in P; shew that BP and the Beth gery es alam, 
3 the circles, are the angular points of an equilateral triangle. 
"55. Ifeach of the equal angles of an isosceles triangle be one- 
ool angle, and from one of them a line be drawn 
ba Rg to the base meeting the opposite side produced; then 
part produced, the perpendicular, and the remaining side, 


In the figure Eue. 1. 1, if the sides equilateral 
1, CA, CB of 

: Cua produced to meet the eizalan in Fe, renteatively 
ry point in which the circles cut one another op 


» gen drawn to the point D, and less than twice the same, 
- a» two-thirds of the lines drawn through the point to 


side>. 


i 
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other side of AB: prove the points F, OC’, G to be in the sa try eet a ;. at the base of a triangle, the 
line; and the 'CFG to de an equilateral triangle. “a 9 7 on i o — ining sides, to construct the tri- 
61. ABC is a triangle and the exterior angles nt up ee eee om —_- a 
are bisected by lines BD, CD respectively, meeting in thes e adjacent to the base, and the 


5. Given the base, an angle i 
. fapence of the sides of a triangle, to construct it. 
=. Given one angle, a side opposite to it, 
» ” the other two sides; to construct the triangle. 


that the angle BDC and half the angle LAC e up a 
-. If the exterior angle of a triangle be bisected, and the a , 
‘Gt the triangle )mede by the bisectors be bisected, and so on =7. Given the base and the sum of the two other sides of a 
| triangles so jormed will tend to become eventually equilateral. : Tianzie, construct it so that the line which bisects the 
{ 59. If in the three — ggg of - —— trigfn "\ angle shall be parallel to a given line. 
: (, distances AL, en, each equal to a thirtd 
ra Ate ed tha poles By FG be reepectisely v. Rak 
(1) with each other, (2) with the opposite angles: shew that th 78. From a given point without a given straight line, to draw a line 
triangles so formed, are equilateral tangles. making an angle with the given line equal toa —— rectilineal angle. 
° IV ). Through a given point A, draw a straight line 4 BC meeting 
5 twe given parallel straight lines in B and C, such that BC may be 
60. Describe a right-angled triangle upon a given base, havi», #Gual to a given straight line. ; $ 
given also the perpeadioulat from ke right angle upon the 80. If the line joining two parallel lines be bisected, all the lines 
otenuse. ' ' drawn through the point of bisection and terminated by the paraliel, 
# 61. Given one side of a right-angled triangle, and the ditfere tj 


| are also bisected in that point. 
| between the hypotenuse and the sum of the other two sides, to ¢ 


and the difference of 








struct the triangle. E abu 

62. Construct an isosceles right-angled triangle, having gives 
(1) the sum of the hypotenuse and one side ; (2) their difference 

63. Describe-a right-angled triangle of which the hypoter 
and the difference between the otner two sides are given. 

64, Given the base of an isosceles triangle, and the sum or 
ference of a side and the perpendicular from the vertex on the > 
Construct the triangle. ; : 

65. Make an isosceles triangle of given altitude whose sides s 

through two given points aud have its base on @ given stra: 


66. Construct an equilateral triangle, having given the length 


the | ndicular drawn from one of the angles on the opposif >. 
om |. Having given the straight lines which biseet the anglqs at ne 
base of an laral triangle, determine a side of the triangl@. 










68. Having given two sides and an angle of a triangle, 
the triangle, Seeeenishing che different cases. 
69. ving given the base of a triangle, the difference of 
and the difference of the angles at the base; to describe the 
- 70. Given the perimeter and the angles of a triangl 
struct it. ; 
71. Having given the base of a triangle, and half the 
half the ditference of the angles at the base ; to construct the 
» 72. Having Ser two lines, which are not parallel, and 
between them; ibe a triangle having two of its angles 
va ive lines, and the third at the given palates and 
Piasaiall beceneilly inclined to the lines which they meet. 
Te oe ene. having given the three lines dra 
isect the sides opposite. 


Three given straight lines issue from a point: draw another 
ight line cutting them so that the two segments of it intereepted 
een them may be equal to one another. 
82. AB, AC are two straight lines, B and C given points in the 
e; BD is drawn perpendicular to 4C, and D£# perpendicular to 
; in like manner CF' is drawn perpendicular to 4B, and FG to 
AC. Shew that ZG is parallel to BC. 
85. ABC isa right-angled triangle, and the sides 4C. AB are 
waced to D and F; biseet FBC and BCD by the lines BE, CE, 
rom £ tet fall the perpendiculars EF, ED. Prove (without 
ting any properties of parallels) that 4D EF is a square, 
4. Iwo pairs of equal straight lines being given, shew how to 


Ponstruct with them the greatest parallelogram. 
Z 85. On the sides AB, BC, CD of a parallelogram are described 
the figure ; 


ae triangles ABE, CDF without, and BCG within 
4 @ chat EG is e jual to one, and FG the other diagonal, 
3 a erin given one of the diagonals of a parallelogram, the 
fem ef the two adjacent sides and th 4 
raliglogces : e angle between them, construct 

SP. One of the diagonals of a 

© which it makes with one o 
§, 80 that the other di 
ABCD, A’ BC 
Ging sides are ex 
ove that the 
D, 
If in 






au 
ars 











parallelogram being given, and the 
f the sides, complete the 

agonal may be parallel to a given line. 

DY are two parallelograms whose corres 
ual, but the angle 4 is greater than the angle 
‘ameter AC is less than d’C’, but BD greater 


the diagonal of a parallelogram any two points equi- 


extremities be joined with th opposite angles, 
: ee which is ek a parallel - 3 


angle of a parallelogram a line is drawn making 





mee GEOMETRICAL EXERCISES 


\ tame ngle towards the same parts with an adjacent si 
always in the satne order ; shew that these lines form another 
gram similar to the original one. 













- 91, Along the sides of a parallelo taken in order, al 
AA'= BB =CC=DD': the figure A’B CD will be a parallel Mm 
92. On the sides 4B, BC, CD, DA, of a parallelogram, s™.. 
AE, BF, CG, DH, equal to each other, and join AF, BG, CH, i) 
‘these lines form a parallelogram, and the difference of the ¢™> 
AFB, BGC, equals the difference of any two proximate angles « "py 


. OB, OC are two straight lines at right angles to each 
rough pny paint P eny two straight lines are drawn interw 
, C, in B, BY, C, C’, respectively. If D and J be the neh 
points of BB and CC, shew that the angle BPD’ is equal t 
ABCD i parallel fwhich the angle C12 oppo | 
; sa elogram of whi e angle oppo site 
the angle 4. If through 4 any straight line be drawn, then thee + 
tance of C’is equal to the sum or difference of the distances of 17 
©%f D from that straight line, according as it lies without or wit'hin 
Arallelogram. ’ 

95. Upon stretching two chains AC, BD, across a field 4 ROY), 
I find that BD and ‘AG make equal angles with DC, and that 4C 
makes the same angle with 4D that BD does with BC; hehce prove 
tuat AB is parallel to CD. 

96. To find a point in the side or side produced of sny paral ‘ia 
gram, such that the angle it makes with the line joining the pom 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 
" 97. When the corner of the leaf of a book is turned down a second 
time, so that the lines of folding are parallel and equidistant, the spore 

sin the second fold is equal to three times that in the first. 


VI. 


two 
’ 


" 98. Ifthe pomnts of bisection of the sides of a triangle be joir 
the le so formed shall be one-fourth of bard. Peg triangle. . 
99. Ifin the triangle ABC, BC be bisected in D, ATX jorrrs 


and bisected in FE, BE joined and bisected in FP, and CF joirbed : 
‘bisected in G; then the triangle HFG will be equal to one-ej\ght © 








Sy iangle 4 BC. 
noo. thew that the areas of the two equilateral les @ 
Prob. 78, are respect‘vely, one-third and one-seventh of 

of the ori | triangle. ‘ 

101. To describe a ctiangle equal to a given triangle, { when 
the base, (2) when the altitude of the required triangle is : 
102. To di a triangle equal to the sum or difference @o! \" 


bats Upon a given base describe an isosceles triangle ' 
Oi iow Describe a right-angled triangle equal to a given 


“406. Toa given straight line apply ® triangle which shall b ¢°! 
> = : 





oat . 
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« « given parallelogram and have one of its angles equal to a given 
reetilineal angle. 

. 106. Takis a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
{ w one of the sides. . 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
ofa given magnitude. 

108. Shew that a sealene triangle cannot be divided into two 

parts which will coincide. 

109, If two sides of a triangle be given, the triangle will be 

test when they contain a right angle. 

110. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the leastis that whose is bisected 
m the given point. 

O31. Of all triangles having the same base and the same perimeter, 

} that is the greatest which has the two undetermined sides equal, 

112. Divide a triangle into three equal parts, (1) by lines drawn 

1 one of the sides: (2) by lines drawn from the angles 


m a point 
thin the triangle: (3) by lines drawn from a given pointy 


b point w 


. within the triangle. In how many ways can the third case be done? 
j 113. Divide an equilateral triangle into nine equal parts. 
lid.  Bisect a parallelogram, (1) by a line drawn from a point in 


j ome of its sides: (2) by a line drawn from a given point within or 
®ithout it: (3) by a line perpendicular to one of the sides: (4) by a 
line drawn parallel to a given line. 

115, From a given point in one side produced of a parallelogram, 
= a straight line which shall divide the parallelogram into two 
eyual parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
pent in one of its sides, (2) from one of its angular points, 


® 


arr 2 


VIL. 


117. To describe a rhombus whi i 
Guadrilateral figure. Ae ry 
218. Describe a parallelogram whi i 
perimeter to a given | ewe : ape Beye 
mm 119. _ Find a point in the diagonal of a square produced, from which 
#* straight line be drawn parallel to any side of the square, and 
eeting another side produced, it will form together with the pro- 
diagonal and produced side, a triangle equal to the square, 
20. Iffrom any point within a parallelogram, straight lines be 
h to the angles, the parallelogram shall be divided into four tri- 
8, of which each two opposite are together equal to one-half of 
ebgrem. 
; ABCD be a parallelogram, and E any point in the dia- 
: aa or AC produced ; shew that the triangles EBC, BDC are 
lesley yen triangles EBA and EBD, 

ees CD is a parallelogram, draw DFG meeting BY in # 

R35 
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and AB produced in G; join AF, C@; then will the triangl 
Co ewuleesame sn, 
123. ABCD isa parallelogram, E the 


ralle int of intersection of 
, and AK any pointin dD. If KB, KC be joined, shew ; 
the figure BA EC is one-fourth of the parallelogram. 

124. Let ABCD be a parallelogram, and O any point with: 
through O draw lines to the sides of ABCD, and join ¢ 
OC; prove that the difference of the parallelograms DO, BO is \ 
the triangle OAC. 

125. The diagonals AC, BD of a parallelo intersect in O snd 
P is a point within the triangle 4OB; prove that the ditference of» 
triangles 4 PB, CPD is equal to the sum of the triangles 42, /) 

126. If K be the common angular point of the parallelog: 
about the diameter AC (fig. Euc. 1. 43.) and BD be the other (is 
um pana of these parallelograms is equal to twice ty 


127. The perimeter of a square is less than that of any other 


er of equal area. 
128. Shew that of all equiangular parallelograms of equal ; 
| emeters, that which is equiateral is the greatest. 
129. Prove that the perimeter of an isosceles triangle is greeter 
than that of an equal right-angled parallelogram of the same altitude 


VIII. 


130. If a quadrilateral figure is bisected by one diagonal, 
second diagonal is bisected by the first. 





131. two epeete angles of a quadrilateral figure are & 
shew that the angles between opposite sides produced are equal. 
132. Prove that the sides of any four-sided rectilinear figur 


together ter than the two diagonals. 
— :188. ‘The sum of the diagonals of a trapezium is less than the »i# 
@of any four lines which can be drawn to the four angles, from #") 
point within the figure, except their intersection. __ 3 
134. The longest side of a given quadrilateral is opposite t 
shortest; shew that the angles adjacent to the shortest side gfe tog 
{ than the sum of the angles adjacent to the longest! sicle. 
135. Give any two points in the opposite sides of a tryapeziut 
scribe in ita ~ tl having two of its angles at » poi 
136. Shew that in every quadrilateral plane figure, t 
-can be described upon two opposite sides as dj 
t the other two diagonals shall be in the same straight line 
13%. Deseribe a quadrilateral figure whose sides shall b 
four given straight lines. What limitation is necessary ? 
138. If the sides of a quadrilateral figure be bisected (San ©” 
points of bisection joined, the included figure is a it 
opel my ie to the eee haps. Poe 
“is trapezium is such, that the pe ieu’ let | 
yearned a the opposite sacion opp eau Divide the 
equal triangles, t lines drawn to 
point. within tte cnn the 
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if 140. trtwo opposite mdes of « trapesiom be parallel to one anothers, 
r the straight line joining their ten ee ae r _ 

441, If of the four triangles into a — - 


\ trepezium, any two — ones are 
; ite sides parallel. : 
ght If two live of a quadrilateral owe lot the pee equal, 
; an the other two sides are equal but not el, a ge ow) 
of the quadrilateral are together equal to two rig angles: 
= 43. ir two sides of a quadrilateral be parallel, and the line joining 
' the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
half their diffe : ; “ 
144. To Misest 0 trapezium, (1) by a line drawn from one of itg 
@tgular points: (2) by a line drawn from a given point in one side. 
145. To divide a square into four equal portions by lines drawn 


from any point in one of its sides. 
j figure (except it be 
a poim 
TX. 


146. It is impossible to divide a quadrilateral 
147. Ifthe ter of the acute angles of a 
“pounds o Gao uae 


hin it to its four corners. 
square on the other. 


yarallelogram) into equal triangles by lines drawn 
be double the hen, the square on the greater 


148. Upon a given straight line construct a ri ed triangle 
such that the anventin = side may be po to seven times 
pe square on the given line. 

149. If from the vertex of a plane triangle, a fall 

on the base or the base produced, the difference of squares on 

~ ‘be sides is equal to the diflerence of the squares on the segments ef 
the base. 

150. If from the middle point of one of the sides of a right-angled 


triangle, a perpendicular be drawn to the hypotenuse, the difference 
ef the squares on the segments into which it is divided, is equal to the 
Seuare on the other side. 
ae, 151. Ifa straight line be drawn from one of the acute angles of a 
'_- might-angled triangle, bisecting the opposite side, the upon that 
tine is less than the square upon the hypotenuse by Uren the 
tr —_ “sg the yt bisected. Pe 
. the sum of the squares on the sides of a triangle 
___-*@ual to eight times the square on the line drawn from the oie 
& te the point of bisection of the base, then the vertical angle is a 


le, and each of the acute angles be joined with 
: this line intersects the sides respectively orgenite to 
} to 


e. 

i ane If a line be drawn parallel to the hypotenuse of a right- 
lit where ‘o 
|  Souarer Me Aatares on the joining lines are together 


= Ne 
hypotenuse and on the line drawn parallel to it 


i} ie f 
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: 


+154, Let ACB, ADB be two right-angled triangles hay; 
AB, join CD, and on CD Seotesel bx th we 
perpendiculars 4D, BE, CF, drawn from the ang) 
on the oppysite sides of a triangle intersect in G, the differen... 
the squares on the sides AC, AB, is equal to the difference of ; 
squares on the lines CG BG. ; 

: 7 If ABC be a triangle of which the angle 4 isa rig 
angle; and BH, CF be drawn bisecting the opposite sides 7 
spectively: shew that four times the sum of the syucres on & 
and CF is equal to five times the square on JC. 

157. If ABC be an isosceles triangle, and CD be drawn pe 
pendicular to 4B; the sum of the squares on the thrce sides 


equal to 
AD +2. BIP +3. CD. 


rhombus is equal to the squares described on its diameters 
159, A pointis taken within asquare, and straight lines drat 
from it to the angular points of the square, and perpendicula: 
%the sides; the squares on the first are double the sum of 
squares on the last. Shew that these sums are least when t 
point is in the center of the square. 
160. In the figure Eue. 1. 47, 
(a) Shew that the diagonals FA, AX of the squares on 4 
AOC, lie in the same straight line. 
% If DF, EX be joined, the sum of the angles at the bas 
of the triangles BFD, CEK is equal to one right angie 
BG and CH be joined, those lines will be parallel. 





‘ equal to BC. ; 
» (e) Join GH, \ ns FD, and 
80 equals the given triangle 4BC. nal 

f) The sum of the squares on GH, KE, and FD will 
to six times the square on the hypotenuse. _ et 

- (g) The difference of the squares on 4B, AC, is eqs! & 
difference of the squares on AD, AE. het 

__ 161. The area of any two parallelograms described 0" ' ie 
sides of a triangle, is equal to that of a lelogram on the Ds 


of the triangle, to the intersection of the two sides of the !v'™ 


; 

| | S¥eealelomestse produced to meet. Se iano 
| Peer Oe, one a triangle be a ri angle, and an° 
| ? teodier - From th 


equal to two- ofa a=, angle, prove from 


i a : 


draw perpendioulars AB. BF Shew that CA"+ CF: 
Ww j iew ‘ ew + = Dit. : 
1b. It Di 


158. The sum of the squares described upon the siles of » 


6) 
if a 
If perpendiculars let fall from 4 and X on BC pr 
| together bond ph produced will be equal; and the perpendiculsss 
6 ve that each of the trang 4 gee, Euc. 1. 13, Then, by Bue. 1, 4, CD is pro 


whose side is equal and parallel to the line drawn from the '°"' 


e First Book © 


Huclid, that the equil triangle described on the hypaten’” 

1 ‘is equal to the sum of the equilateral triangles described uge> — 
| fides which contain the right angle. 

1 bai = ; 


Ly 


\ i: pee eS gear aa Cat ; 
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ie ‘ .1, 22, The tri however 
Tibed by meen: of Bue. of Puc: at AB be the given base, 
eribed b Aovtow , ; wi 
An ‘th uate meet the circles in D, E (tig. nt 5 — 
ent radius AB, describe a circle, and with on GA. GB 
serie another circle cutting the former in G. Join . . 

9. Apply Euce. 1. te soak bh te 
1. This is provec SUC. 1. De, boy Oe 

let fall also a perpendicular from the vertex on the base, 

Apply Euc. 1. 4. 

vet CAB be the triangle (fig. Euc. 1, 10.) CD the line 
th Ls ACD and the base AB, Produce CD, and make DE to 
OD. and join AE. Then CB may be proved equal to AE, also AE AC. 

+ Let AB be the given line, and C, D oe ts. From C 

dra ACE perpendicular to AB, and produce it ing ° equal to 
j PD, and produce it to meet the given line in G, which will be 
> required. 
*\- \Cake the construction as the enunciation directs, then by Euc. 
1. 4, BH is proved equal to CK: and by Euc. 1, 13, 6, OB is shewa 
t be equal to OC, 

\5, This proposition requires for its proof the case of triangles 
emiiied in Euclid:—namely, when two sides and one 
hut sot the angle included by aa sides. 

i7. The angle BCD may be 
eneies ABC, ADC, 

» The angles ADE, AED may be each proved to be equal to the 
ements of the angles at the base of the triangle. 
The angles CAB, CBA, being equal, the an 


i 


be 


5 
e 


. to be equal to CR 
A» oy Euc. 1. 5, 32, the angle at the vertex is shewn to be four times 
Miner of the angles at the base. 
») Let AB, CD be two straight lines intersecting each other in 
wad let P be the given point, within the angle AED. Draw EF 
; Peering the angle AED, and through P draw PGH parallel to EF, 
Peet cutting ED, EB in G, H. Then EG is equal to EH, And by 
*. Tr ing the angle DEB and drawing through P a line parallel to this 
ae . © another solution is obtained. It will be found that the two lines 
Sg 












are . ight _—- to each other. 

pat. two given straight lines meet in 

Fee paint. Let PQR be the line required, caine Gots Aa AK 
| a wd 86 ~ ros — to QR. Through P draw PS 
$ bps f jom XS. Then APSR is parallelogram 
a nals. ore the construction, i eee 

@ two straight lines AB, AC meet in take 

D, and from AC cut off AE equal to AD, sat join DE On 
Produced, take DF equal to the given line, and through 


s 
> 
: 
& 
5 
5 
2 
' 
2 
2 
£ 






| 
] 






~ shall 


ieee nena oe 
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23. The two given | may be both on the same side, 
ofthe lines Ifthe the line beon® 


be on each si int required in the line be «..,? 
te found, and lines be drawn Solelog: this pvint and the given © 
an isosceles triangle is formed, and if a perpendicular be drawn | 
base from the point in the line: the construction is obvious. 

24, The problem is simply this—to find a point in one side 
triangle from which the perpendiculars drawn to the other two « 

equal. If all the positions of these lines be considered, jt 

readily be seen in what case the problem is impossible. : 

25. If the isosceles triangle be obtuse-angled, by Euoc. 1. 5, 32, ¢ 
truth will be made evident. If the triangle be acute-angled, tho»! 
ciation of the proposition requires some modification. 

* 26. Construct the figure and apply Eue. 1, 6, 52, 15. 

If the isosceles tri e haveits vertical angle less than two-thir 
a right-angle, the line ED uced, meets AB produced toward 
base, and then3, AEF = 4 right angles + APE. 1f the vertica} ang 
greater than two-thirds ofa right angle, ED produced meets AB prod 
towards the vertex, then 3. AEF = 2 right angles + AFE. ; 

27. Let ABC be an isosceles triangle, and from any point D i 
base BC, and the extremity B, let three lines DE, DF, BG be draw 
the sides and making equal angles with the base. Produce ED and : 

eD EH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which r 
the side AC in D and AB produced in E, be bisected by the 
in the point E, Then DC may be shewn to be equal t) BE 

29. Iftwo equal straight lines be drawn terminated by two 

ich meet in a point, they will cut off triangles of equal ara. } 
the two triangles have a common vertical angle and their areas and 
equal. By Eue. 1. 32 it is shewn that the angle contained by the bis 
lines is equal to the exterior angle at the base. 

80. There is an omission in this question 

equal angles with the sides,” add, “and be equal to each “oth: 


y.” (1), (3) Apply Buc. 1. 26, 4, (2) The equal lnes 
om sides may be + 0 to make equal angles with the sides. 
» 8l. At C make the angle BCD equal to the angle ACB, and pr 
“AB to mect CD in D, 


82. By bisecting the hypotenuse, and drawing a line from the ve" 
to the point of bisection, it may be shewn that this line forms wit 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be atriangle, having the right angle at A, an’ the 
at C than the angle at B, also let AD be perpendicular to th: 
and be the line drawn to E the bisection of the Then A y 
be i? oe to BE or EC independently of Euce. mr. 31 
if 


0 


on 


After the words *: 


ce EG, FG to meet the perpendiculars CE, BF, pro® 


necessary. The demonstration is obvious. 
35, If the given triangle have both of the angles at the base »""" 
angles; the of the angles at the base is at once obvious '* 


Eue. 1. 82. Tf one of the angles at the base be obtuse, does the pr: ext} 
noid ? 7 


36. Let ABC bea triangle having the angle ACB double ~ 


and let the 

: in AE, oe 4B may be proved to heey 

angle, then AC is eq 

yr Kop 
, AC 


to E 
ual to the sum of #the =< 


of the | ; dicular from the 





ar AD be drawn to the base BC. tra. Dz 


any triangle ABC be produced, ) th’ ° ” 


en. AF is equal to AG, and Bue. t, 8, theangle ov the 

as required will be found to be equal to half 
. ‘of the two sides of the triangle. 
‘ pply Eue. 1. 1, 9% S ) 
=, The seaip tobe trisected is one-fourth of a ey — If an 
silateral triangle be described on one of the sides of a — tas 
Eiiaine the given angle, and a line be drawn to on Se 

iang} hich is at the given angle, the 
Tis tetend the other side =— triangle = be one-twelfth 
il i le, ual to one-third of the given angle. 

; vd eer ptonesied, generally, that any angle which is the half, fourth, 
Te, &e, part of a right angle, may be triseeted by Plane Geometry, 


a 41. Apply Euc. 1. 20 
42. in ABC, DBC be two equal triangles on the same base, of 


ADC is isosceles, fig. Euc. 1.37. By producing AB and mer AG 
to AB or AC, and joining GD, the perimeter of the may be 
shewn to be less than the perimeter of the triangle D - 

13. Apply Euc. 1. 20, ' 

, ‘4. For the first case, see Theo. 32, p. 76; for the other two cases, 
» Spply Euc. 1. 19. 
: . This is obvious from Euc. 1. 26. : 
e By Bue, 1. 29, 6, FC may be shewn equal to each of the lines 
se , FQ. 
“7. Join GA and AF, and prove GA and AF to be in the same 
straight line, . 

#5. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AC in F. Then gtd i EBD, EB is 
equal to ED, by Eue. 1. 29,6, Also, in the triangle » the angle 
EAD may be shewn equal to the angle EDa, whence EA is equal 
t ED, and therefore AB is bisected in BE, In a similar way it 

, 5 _ by bisecting the angle C, that AC is bisected in Fr. 
; fee disection of AC in F may be proved when shewn 
Disected in E. . ° ee — 
#9. The triangle formed will be found to have its 
allel to the sides of the original triangle, — a 


Ifa line equal to the given line be drawn 
from the point where 











two meet, and parallel te the other given line; a 
— formed, and the construction effected, > 


Let ABC be the triangle; AD perpendicular to BC, AE drawn 

he bisection of BC, and AF bisecting the angl 3 

ae equal nse : join FA’, EA. ——— Se 

1@ point in the base be su ed to be determi) lines 

n from it parallel to the sides, it willbe found to be in ig Pee 
Be TABG bent’ of the triangle, 

the triangle, at C draw CD perpendicular 

of the required lines, through. D draw DE parallel won 

n_*, and draw EF paralie! to DC, m in F. Then 

Next produce CB, making CO equal to CE, and join 

H. From H draw HK perpendicular to EAC, and 
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erpendicular to BC. Then 
Ab) amen soyon Theorem ae ae MMe Yogether are equal i 
ot, Let e intersection of the circl : 
base, and join AC, BC’. ‘Then the angle CBA, CRA fen. 
angles » CBP are also equal, Euc. 1, 13: next by Euc “y" CE 
Peeperted equal; lastly prove CC’ to be equal to CP or PC’, ’ 
se ee fig. Euc. 1, 1, produce AB both ways to meet the « 
2 D and E, join CD, CE, then CDE is an isosceles triangle, havin 
the oe at a — of the angle at the vertex, 
ray perpendicular to an i } pro in G, 
ong is an equilateral triangle. eee | Frecuced eG, 





: 


_, 56, Join CC’, and shew that the angles CC’F, CCG are oo. : 
right angles; also that the line FCG ial iithe diameter. — 
57. Construct the figure and by Bue. 1. 32. If the angle BA 
aright angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of th 
angle ABC form a new triangle A’B’C’. Then each of the ang 
A’, B’, C’ may be shewn to be equal to half ofthe angles at A » 
B and C, OC and A respectively. And it will be found that ha 
sums of every two of three unequal numbers whose sum is con 
have less differences than the three numbers themselves 
«_ 59. The first case may be shewn by Euc. 1. 4: and the second by 
Eue, 1 82, 6, 15. 
60, At D any point ina line EF, draw DC perpendicular to EF and 


equal to the given perpendicular on the hypotenuse. With centre © and 
radius equal to the given base describe a circle cutting EF in B A 
draw CA perpendicular to CB and meeting EF in A, Then ABC 
required. 
= etemuet ABO be the required triangle having the angle ACB a 
ie, in BC produced, take CE equal to AC, and with center 


@ius BA describe a circular arc cutting CE in D, and join AD. 
E% the difference between the sum of the two sides AC, CB ane 
Ss cunt pal also one side AC the perpendicular is given, 
Ke CON ion, On any line EB take EC equal to the given side ! 
> the given difference. At C, draw CA perpendicular to ( B a 
% EG, join AD, at A in AD make the angle DAB equal to ADS, 
let AB meet EB in B, Then ABC is the triangle required. 
62. (1) Let ABC be the triangle required, having ACB the reit 
I * AB to D making AD equal to AC or CB ; then hi 2 - 
paum of thesides, Join DC: then the angle ADC is one-fourth of 8 
right and DBC is one-half of a right angle. Hence to constr. 
at B in make the angle DBM equal to half a right angle, anc 9) © 
the angle BDC equal to one-fourth of a right angle, and let DC mee! K Mi 
in C, eee ere aight angles to BC meeting BD in A: and A+ 


EB 


is the triangle 
(2) Let ABC be the triangle, C the right angle: from AB cst oh 
AD equal to AC; then BD is the difference of the hypotenuse anv 98 


side. Join CD; the angles ACD, ADC are equal, and each is half 
the supplement of DAC, which is half a right angie, Hence the eo" 
struction. 


_ 63. ‘Take line terminated at A. Make ABy eqo®! °° 
Ge itleeras of Oe alge ena AC cqual to the hypuionmsd. At 5 
: the bin CBD equal to half a right angle, and with #center “ 
| radius A describe a circle cutting BD in D: join AD, d draw 
lar to AC, Then ADE is the required triangle, 
\ 
‘ 





\ vighe angles to BC and equal to the sum of 
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; aod 
4, Let BC the given base be bisected in D. A 1) Crim angle 


i base: join D 
endicular from the vertex on the 
ee ks the angle EBA equal to the angle — and let BA meet 
DE in A: join AC, and ABC is the isosceles —s 4 perl 
45 This construction may be effected by persoy ted oe = 5 
«3. ‘The perpendicular from the vertex on the pang 
triangle bisects the angle at the vertex which is two-thirds right 


i i ide is required 
BC be the equilateral triangle of which a si 

w be ath ieee given BD, CD the lines bisecting ars erie B,C. 

Since the angles DBC, DCB are equal, each being one-thir - = 

anal», the sides BD, DC are equal, and BDC is an isosce — 

having the angle at the ye oS of a third o 

veles, Hence the side BC may be found, ; 

a . Lt the given angle be taken, (1) as the included angle between 

the given sides; and (2) as the opposite angle to one of the given sides, 

Tr the latter case, an ambiguity will arise hae angle be an acute 

sd wpposite to the less of the two given sides. 

4 S Let ABC be the required triangle, BC the given base, cD 
1 difference of the sides AB, AC: join BD, then DBC by Bue. . 1 
ye shewn to be half the difference of the —_ at the base, 

is eonal to AD. Hence at B in the given base BC, make the 


: 


& 
gee 


: 
: 


+> al to half the difference of the angles at the base. On CB take CE 
» sal to the difference of the sides, and with center C and radius CE, 
_sotibe a circle cutting BD in D: join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

10. On the line which is equal to the perimeter of the required tri- 
eng 'e describe a triangle having its angles equal to the given ee 
Yhoa bisect the angles at the base; and from the point where these 
meet, draw lines parallel to the sides and meeting the base. 


rt. Let ABC be the required triangle, BC the given base, and the 
side AB greater than AC, Make AD equal to AC, and draw CD, 
Thea the angle BCD may be shewn to be equal to half the diffetence, 
em the angle DCA equal to half the sum of the an 
Heace ABC, ACB the angles at the base of the triangle are known. 

7%. Let the two given lines meet in A, and let B be the given point, 

TP BC, BD be supposed to be drawn making equal angles with AC, 


#6 # AD and DC be joined, BCD is the triangle required, and the figure 
WAGED may be shewn to be a parallelogram, hen the construction. 


7 It can be shewn that lines drawn from the les of a triangle to 

the opposite sides, intersect each other at he i 

of their lengths from the angular points from which they 

ABC be the triangle required, AD, BE, CF the given lines from the 
drawn to the bisections of the opposite sides and intersecting in G. 

ce GD, making DH equal to DG, and join BH, CH: the figure 

is a ae. ence the construction, 

Let (fig. to Euc. 1. 20.) be the uired triangle, having 

BC equal to the given base, the angle ABC equal to the 


hd the two sides BA, AC together equal to the line 
then since AD is equal to AC, the 

fore the a By ok AED seen 
et ABC be the required triangle to Bue, 

equal tothe given angle, and thetbose BO equal be meme 


7 
& 
g 
H 
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nds on Theorem Map. 1 together are equal te {)) 
et C e intersection of the circles on the o ic : 
and join AC’, BC’. Then the angles CBA, CBA ola fee: 

/ BP, C’BP are also equal, Euc. 1, 13: next by Euc. 1. 4 CP . 
are pt equal; lastly prove CC’ to be equal to CP or PC’. : "' 
et, In the fig, Euc. 1. 1, produce AB both ways to meet the ¢ > 

nD and E, join CD, CE, then CDE is an isosceles triangle, having «>: 
of the angles at the base one-fourth of the angle at the vertex, Sark 
Codey endicular to DB and meeting DU producedinG, 1 , 

is an paaiiansl triangle. hs 
_ 66, Join CC’, and shew that the angles CCF, CCG are equal to twe 

Hari engin siso that the line FCG is equal to the diameter. 

ae he ct the figure and by Euc. 1. 32. If the angle BA 
a — angle, then the angle BDC is half a right angle. 

; Let the lines which bisect the three exterior angles of th 
eangle ABC form a new triangle ABC. en each of the angles a 
‘A’, B’, C’ may be shewn to be equal to half of the angles at A and", 
pe - Cc 7 page ae pe reg be found that hall the 

ums of every two of three uneq numbers whose sum is cons‘as', 
have less Hitecencse than the three numbers themselves. cS 
e 59. The first case may be shewn by Euc. 1. 4; and the second by 

Bue. t. 32, 6, 15. 

_ 60, At D any point ina line EF, draw DC perpendicular to EF and 
equal to the given perpendicular on the hypotenuse. With centre © and 
radius equal to the given base describe a circle cutting EF in B Ato 
draw ew Se gg to CB and meeting EF in A. Then ABC 


equi 













J 


Let ABO be the required triangle having the angle ACB a 
In BC produced, take CE equal to AC, and with center 
BA describe a circular are cutting CE in D, and join AD, 7 

e@ difference between the sum of the two sides AC, CB and the 
» AB; also one side AC the perpendicular is given, lfence 
truction, On any line EB take Be equal to the given side, EY) , 
it) the given difference. At C, draw CA perpendicular to CB, and 

» EG, join AD, at Ain AD make the angle DAB equal to ANS, 
AB meet EB in B, Then ABC is the triangle required. 
62. (1) Let ABC be the triangle required, having ACB the rieht 
_ Produce AB to D making AD equal to AC or CB: then BD 
he sum of the sides. Join DC: then the angle ADC is one-fourth of * 

u and DBC is one-half of a right angle. Hence to constructs 
make the angle DBM — to half a right angle, and st Y 
DC equal to one-fourth of a right angle, and let DC\mcet S54 
w CA at right angles to BC meeting BD in A: And ALS 


_— 

2) ABC be the triangle, C the right angle: from ATR ci of 
equal to AC; then BD is the difference of the hypotenuse pn’ °"S 
Toin CD; then the angles ACD, ADC are equal, and eacjp is bs! 
of DAC, which is half a right angie, Hence /the ©" 


; line terminated at A. Make nal to 
\ eee co equal. vo ihehipaetaie ae 
CBD equal to half a right angle, and with 
describe a circle cutting BD in D: join AD, 
dicular to AC. Then ADE is the required , 






4 \ 


os, Let BC the given base be bisected in D. At D 
wight angles to BC and equal to the sum of one side of the 
aol the perpendicular from the vertex on the base: join DB, 
in @E make the angle EBA equal to the angle BED, and let 
DE in A: join AC, and ABC is the isosceles triangle. 

45 This construction may be effected by means of Prob, 4, p. 

$. ‘The perpendicular from the vertex on the base of an equi 
trinngle bisects the angle at the vertex which is two-thirds of one right 


ON BOOK 1. 89 
at 


i 


B 


F 
i 


F 


ang!9. 

Let ABC be the equilateral triangle of which a side is required 
t» be) found, having given BD, CD the lines bisecting the angles at B, C. 
Sineb the angles DBC, DCB are equal, each being one-third of a right 
anes, the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 


aoeles. Hence the side BC may be found, 

3, Let the given angle be taken, (i) as the included angle between 
the diven sides; and (2) as the opposite angle to one of the given sides.” 
Th te latter case, an ambiguity will arise if the angle be an acute angle, 
Sndppposite to the less of the two given sides, 

%. Let ABC be the required triangle, BC the given base, CD the 
difference of the sides AB, AC: join BD, then DBC by Euc. t. 18, 
shewn to be half the difference of the an: les at the base, and AB 

C, make the angle CBD 


‘ual to AD. Hence at B in the given base 
. half the difference of the angles at the base. On CB take CE 
ith center C and radius CE, 


the difference of the sides, and wit! C 
a circle cutting BD in D: join CD and produce it to A, making 


to DB. Then ABC is the triangle required. 
the perimeter of the required tri- 


p. in the line which is equal to 
ancle describe a triangle having its angles equal to the given 
Whoa bisect the angles at the base 5 and from the point where these 4 
meet, draw lines parallel to the sides and meeting the 

vi. he ABC be the required trian le, BC the given base, and the 
eke ABS greater than AC, Make A equal to AC, and draw cD. 
. BCD may be shewn to be 
CA equal to half the sum of the angles at the baste 


» D 
. ACB the angles at the base of the triangle are k 
. et the two given lines meet in A, and let B be the given 
“BD be supposed to ee — a angles with AG 
. * he joined, BCD is the & uired py? 
. i ta to be a parallelogram. Whence the c — 
hen be shewn that lines drawn trom the angles of a trie “a4 
o ite sides, intersect each other at a point pe copie a 
heir lengths from the angular polase Se which they are two- 
Wf be the triangle required, AD, BE, A gires lines ff os 
mm to the pisections of the opposs ides . intersecting is G. 
i oS ol tates et eae 
; ence the ¥ 
a parallelogram, 20.) be the required triangle, 
ot ABC (fg. ave tok the angle ABC equal to oe 
BC equal to BA, AC together equal to the given 2 
sides equal to AC, the pF, Aa pendiaey 
to the ACD. Hence the 


ore the a 
a. i . to Bue. 1. 18) ; 
+ ABC be bw required tent ve base BC aol oueaen 
eq 


ual to 
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to the a 


also CD equal difference of the two si from C, B, D, on the line drawn 
a cere ee "Hence the synthe - i te, Oe anew meh parallel to AC’, Cy Rho truth is manifest. 
— Let ABC be the required: triangle, (fig. Eue. 1. 18), of which ; ) Neas; let the line from te dee i the triangles DCB, ea, 
as Cc and the angle BAC, also CD the difference betwa: a 6. Let the diagon ual and one side DE: wherefore 
‘ ’ . > 


and the triangle ABD is i : the diagonals DB, AC are equ 
“8 ADS, isosceles, whence the angle A 
are equal to two ae ye angles, it follows that ABD is half the supplqin 


of the given 


Sighted AB be the given base: at A draw the line Al) to 


sides to meet BE in EB. At B make the angle EBU equal to the 
BEA, and draw CF parallel to AD. ‘Then ACB is vhe trian le req 
78. Take any point in the given line, and apply Euc. 1. 23, 31. 
* 79. Onone of the Nel lines take EF equal to the given ling, : 
with center E and radius EF describe a circle cutting the other 
Join EG, and through A draw ABC parallel to EG, 
80, This will appear from Euc. 1, 29, 14, 26. 
, AC, AD, be the three lines. Take any point E 
®and on EC make EF equal to EA. through F draw FG parallel t 
join GE and produce it to meet AB in H. Then GE is equal to 


8]. Let AB 


















Join BD ; then AB is equal to AD, because CD Gpaangies in each we oe it cue ches DE, EC are equal, it follows 

and since BAD and twice th rk thet BA, EB are equal. — ~— aS ae oe a —- 
nd twice the angle }.\ : » eee tical angles equal, where 

: Bee st respectively, and therefore the angle CDB is ual to DBA. 


; 94 (1) By supposing the point P found in the side AB of the paral- 


AC, Hence the construction of the triangle. 


» are paraie 4 « a 4 , PC may be 
le is ; ¥ BCD, su ch that the angle cont sined it, AP 
: A d \ to be arallel AtBd le. am A ¥ 
. ; , in the side AB produced, 80 that 


“ (9) By supposing the point P found \B 
rpD : ay Visect the angle contained by ABP and PC; i — shewn 
that the side AB must be produced, s0 that BP is equal to BD. 

Tt ay be shewn by Bue. t. 35. 4 

“9 D_&, F be the bisections of the sides AB, BC, CA of the « 
triangle ABC: draw DE, EF, FD; the triangle DEF is one- of the 
t je ABC. The triangles DBE, FBE are — each bein one-fourth 

he triangle ABC: DF is therefore parallel to BE, DBEF isa 

AG, elogram of which DE is a di agonal, 
Al : ; This may be proved by applying Euc 1. 88. ° 
i. ), Apply Eue. 1, 37, 38. 


82 Apply Buc. 1. 82, 29. Lol, Unvany side BBC of the given triangle ABC, take BD came Se 
83, From E draw EG perpendicular on the base of the tfiongle, gies base ; join AD, through C — ho PDE ae triangle 
then ED and EF may each be proved «qual to FG, and the figw haw § duced if necessary in B, join ED; then 


to be equilateral. ‘Three of the angles o! the figure are right ar 
84, ‘The greatest parallelogram which can be constructed 
sides can be proved to be rectangular. 
85. Let the lines EG and FG be drawn, as also the diagon 










Diy @ process somewhat similar the triangle may be formed when the a/- 
Pas “ace i ke a triangle equal to 
Dy wply the preceding problem (101) to make gle « 
on J tes. 2 A stale end of the same altitude as the other given tri- 
pAC, Then the sum or difference can be readily found. 


then the angle ABE is equal to the angle CBG, and when the vie ADO —.. " construct @ triangle on the given base ual to the given 
js added to each of these, the angles ERG, ABO, are equal int triangles, o - Tet ore isceceles triangle on the pati oes equal to this 
EBG, ABO, whence by Euc. 1. 4, EG is proved equal to the diag@nal AG = ceerie. 
And similarly FG is proved equal to BD. ’ n 4, Make an isosceles triangle equal to the given triangle, anda, 
ig PAbigpeara problem is the same as the following ; having @iven the , hi jsosceles triangle into an equal equilateral triangle. 
of a triangle, the vertical angle and the sum of the sides, nstryes i a. Make a triangle equal to the given aa eS “a 

An raw a py ad eater . agen oot bare ; pois A Dgiven line, and then os equal to this tangle, having 

$87. q uw g “9 ne mal » given angle. P i 5 
make an le BAC equal to the given angle. Bisect AB D, and ee. - t a Sacre ABCD be one of four sides; ey the opposite 


through D draw a line parallel to the given line and meeti 
Tie oil be the feniticn: of the other diagonal. Through 












nouies A, Cof the figure, through D draw DE 


a TD tnt por ‘angle ABE is equal to the 
‘ in E; joi ? Be produced in B, join AE:—the triang 

parallel to CA, mecting CD produced in B; join AB, and laed ABCD. : 
phe on lege required. 24 F = ne figrt ABCDE be one of five sides, produce po po 

88. Construct the es and dca be proved to beat nial . and the figure may be transformed ST ae vA ee + 

89. cts Bue. 1, 4, the opposite sine alielogram; construct the other + sigvilar to that employed for a figure “ ye bee = pe, a 
punlielogram ABCD! - ee whe lines required, the dia- a of =, o— orseny mambes fo pacotioa of the base parallel to the 

' ; A’ : }a7. Draw two 
gonals AC, A’C’, and shew that the triangles ADO, AE — ’ twa. of the bare absurdo. ial 
iy arall ve . This ma ewn ex 

re See eee te cide Bb. equal BO, nan 
sor ers F : : ng * , having the 
ed ae pois D, D’, are the intersections of the diagondils of two robe w e ie AE ; 


rectangles : 





the rectangles be completed, and the lines O 


the 
a : ABC a right angie, but the an le ABD nota right angie; then , 
of ig greater thy ane the angle ABD be acute oF obtuse. 
4 1 me >. Let ABC bee triangle whose vertical angle ia A, and whose 





dia: nals. 
will De te open A. fall without the 






Len 


ioe = - - en ; * 





+4 we Be 










two 


92 GEOMETRICAL EXERCISES, &c. & _ ini sae 93 
>," he ‘* BF . : 
base BC is bisected in D; let any line EDG de ; 
ee eisrmier side Gnas Li prod “pe through D, mest. 12). One ease is included in Theo. 120. The other case, when the 
having the same vertical angle A. Draw BH parallel to AG, ~ \ Ey mood; fo obvitue Shem chosen peimlvie. 
the triangles BDH, GDC are equal. Euc. 1. 26, | 22. The triangles DCF, ABF may be proved to be equal to half 
lll. two triangles Taceenatuuoted: On-ihe cates with of the parallelogram by Eue, 1, 41. 
of which one is isosceles. Through the vertex of th ary rans See. 3. 6h, 0% 
t ion ; cof that which \24. Ifa line be drawn parallel to AD through the t of intersec- 
not isosceles draw a line parallel to the base, and intersecti i i : = 
perpendicular drawn from the vertex athe eneeaied oheaa tin thon oi the diagonal, and the line drawn through O par lel to AB; then 
common base. Join this pointof intersection and the extremities of the} oo “— oy truth of the theorem fs manifest, |) iG : 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 7 e 125. It may be remarked that parallelograms, are divided into pairs 
de ofthe t F in the line BC, take FG, F - rop. 6, p. 73.) On each nf al triangles by the diagonals, and therefore by taking the triangle 
of BF, a or DG, DH shall trisect the Benge. _ as ay" ot Te tris ae AB D one sey gory oe ped orsaiinesiy 
. wit ph nee oe = pie _— eg BC. Trisect BC ‘n J Bue. ‘ 34. nial the lintels DKO is oe - ae 

4 : » and w ; two AD. Join DG, DH; ” CDHG, Euc. 1, 41, also for ‘the same reason the triangle AKB is one 
lines trisect the triangle. Draw AB, AF and the proof is manifest half of the parallelogram AHGB: therefore the two. trlemghen DKC, 

“og ABC be any ary trisect the base BC in D, B, an’ (om are together one half of the whole parallelogram ABCD. Hence 

e AD, » From D, E, draw DP, EP el to AB, AC and meeting vo triangles DKC, AKB are equal to the triangle ABD: take from » 
in P. Join AP, BP, cP ‘ these three lines trisect the triangle. these equals the equal parts which are common, t erefore the triangle 

(3 Let P be the given point within the triangle ABC, Trisect © ORF is equal to the triangles AHK, KBD: wherefore also taking A K 
base BCin D, EB. From the vertex A draw AD, AE, AP. Join bP) from these equals, then the difference of the triangles CKF, AHK is 
draw AG parallel to PD and join PG. Then BGPA is one-third of © i to the triangle KBC: and the doubles of these are equal, or the 

© triangle. The problem may be solved by trisecting either of the other rence of the parallelograms CFKG, AHKE is equal to twice the » 
two sides and making a similar construction. triangle KBD. 

118, The base may be divided into nine equal parts, and lines may. 17. First prove that the perimeter of a square is less than the peri- 
be drawn from the vertex to the points of division. Or, the sides) a meter of an equal rectangle: next, that the perimeter of the rectangle is 
tniangle may be trisected, and the points of trisection joined. : lese than the perimeter of any other equal parallelogram. i 

114. It —. Buc. 1. 34, that each of the diagonals of a pare _ 128, This may be roved by shewing that the area of the isosceles 

bisects the figure, and it may be shewn that they also bis« triengle is greater than the area of any other triangle which has the same 
ther, It is hence manifest that any straight line, whatever may . a — oe beer mgt oe anv epee that angle is equal to 
ion, which bisects a parallelogram, must pass through the intexsee- = . be 4 ; le (fg B 
Hon of the di : 29, Let ABC be an isosceles triangle (fig. Bue. 1. 42), AE 
“ asoalar to the base BC, and AECG the equivalent rectangle. AC 
ine. Trisect ore XB ink Pant Be EG, PH parallelito AD epecter than ADV ESS ; 
i carne Ci 6 in EB, F, and draw EG, FM paralel "30, Let the diagonal AC biseet the quadrilateral figure ABCD, 
or BC, meeting DC in G and H. it the given point P bein EF, ¢ wo isect AC in E, join BE, BD, and prove BE, ED in the same ight 
aap ve ee h ears of EG and FH eae Poe dap . ’ @ and equal to one another. , 
| peeping in FB, aline from P through the bisert en © SrA § oly Buc. 1, 16. 
HL will cut off one-third of ihe pronticlogsem, and the remaining re) _ ane Bue. “hm 
zium is to be bisected by aline from P, one of its angles. If P coinade (88. ‘This may be shewn by Euc. r. 20. 
with E or F, the solution is obvious. 134, LetAB be the longest and CD the shortest side of the rectangular 
117, Construct a right-angled parallelogram by Euc. 1. 44, equal @ " Produce AD, BC to meet in E, Then by Eue. 1. 32. : 
the given quadrilateral figure, and from one of the angles, draw ® Ge 135. Let ABCD be the quadrilateral figures and E, F, two points in 
to meet the opposite side and equal to the base of the rectangle, snd & the opposite sides AB, CD, join EF and ony it _ G; and through 
line from the adjacent angle lel to this line will complete the rhom os G draw a straight lne HG terminated 7 diageadi be Bona and 
118, Bisect BC in D, and through the vertex A, draw AE pre) 1? biencted in the pont G. Then EF, HK are required 
BC, with a radius equal to half the sum of AB, AC, So" ) parallelogram. ’ aqure, the proof offers no difficulty. 
i 119. Produce eaten of the square till it becomes equal t ‘Pe ab e a7. if an - agen ber as a diagonals onal ee 

Suey oe adie none a extremity of this produ —% ood on token two aod be always Ere assumed line as one of ‘te aeanes : 

ral’ o the adjacen i i WALL, : havin, . 4 

eee dea Tie nay be cgnstruced MES equal Pusey dhe eum 
120, | 1L upon the diagonal ndiculars from the opposite “<!"" f ce given sides is greater 's are formed, 

; f of every given sides four triangles are two on 

of the vs ‘These per ulars are equal, Sen coi point ~ 138. Draw the two diagonals, fine lines drawn through the 

triangles is situated on different si of the same base and equal siti- * ~ parallel to one diagonal, 


each diagonal 


“Whe side of of two sid may be ore 


nana 9 named, otha iven point, a 


side of the “a 
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1 1 to the other diagonal, in the same wa 
ee aig so is manifest from the relation of . m; oe par dig 
ce y ch ce ag the bisections of the sides. 7 
a, Lat , are sae Be nee eR eyeel bases, and of 
- 140. be parallel to CD, and i ; 
and OD in F, and let EF be drawn. Join AF. BY. tem. 
_ 141, Let BCED be a trapezium of which DC,'BE are the disgonale | 
intersecting each other in G, If the triangle DBG be equal to the tilanga ' 
EGC, the side DE may be proved parallel to the side 4C, by Bue. 1 49. ‘4 
142, Let ABCD be the quadniateral figure having the sides AB, 
one an.ther, and AD, BC equal. Through B draw BE 

























uc. 1. 47, to express the squares of the three sides in 
uares on the perpendiculars and on the ts of AB. 

ye. Dy Wue. 1.47. bearing in mind that the square on any 
“ge 9 four thines the square described upon half the line, 

,5. The former part is at once manifest by Euc. 1.47. Let the dia- 
seals of the square be drawn, and the g:ven point be supposed to coincide 
4h the imterSection of the diagonals, the minimum is obvious. Find its 
fae am ierpis of the side. 
ye6. i) This is obvious from Euce. 1. 13. 

Me) Apply Bue. 1, 32, 29. 

% xe) Apply Eue. 1. 5, 29. 

Let AL meet the base BC in P, and let the perpendiculars from 


’ to 
‘7 i 
143 en, is @ parallelogram. - < meet BC produced in M and N respectively ; then the triangles 
. Let q ateral having the side AB parall | FMB may be proved to be equal in all respects, as also APC, CAN, 
) . Let t fall DQ perpendicular on FB produced. Then the triangle 


to E, F be the points of bisection of the diagonals BD, AC, 

. and join EF and produce it to meet the sides AD, BU in G and H 

oe ee K parallel toDA meeti DC in L and AB pre- 
duced in K. Then BK is half the difference of DC and AB. 

144, (1) Reduce the trapezium ABCD to a triangle BAE by Prob, 

106, supra, and bisect the triangle BAE by a line AF from the vertex. 

If F fall without BC, through F draw FG parallel to AC or DE, and 
FD is found by the right-angled triengle FQD. Similarly, the 
y « & vail be 


6 ee he diagonals AC, BD : bisect BD in E, and join AF 
x t . : basect in B, and jo be 
Oe shus. Drew the diagont'c ; ¥ KE is found, and the sum of the squares on FD, EK, GH 


lel to AC the other diagonal, meetiz D in P, : 
EC. Draw gptigen e ne other diagona meeting ee sie shania 1. : __ ; 
draw PAQ parallel to BC and meeting DB, EC 


be proved equal to eac h of the triangles ABC, DBF; whence 
tle DBF is equal to the triangle ABC, 
s however the better method is to prove at once that the tri- 
* ANC, FBD are equal, by shewing that they have two sides equal 
: ingle, and the included angles, one the supplement of the other, 
DQ be drawn perpendicular on FB produced, FQ may be, 
be bisected in the point B, and DQ equal to AC. Then the 
























and DC in G. being joined, bisects the trapezium, — 
iat I be the given point in the side AD. Join EB. Bisect the urough A p : 

a Let BCD iy EF. Make the triangle EFG equal to the & Iuced in P, Q. Then by the right angled triangles. 
angle EAB, on th ts I side of EF as the triangle AB. Bisect the tr ® Gi, Letany or be Lac pep ig tay Ayes mee AC 
on. the : tata , - 7s triangle ABC, and the sides parallei to , AC be produ to meet 
wn, shee? by EH. EH bisects the figure. is dicauah the it [: eee Fp. Join PA. Then on either side of the base BC, let a paral- 
145, Ifa straight line be drawn from the given point through the in- tox 2 described having two sides equal and parallel to AP. Pro- 
of the diagonals and meeting the jr is oleeneall >. a nd it will divide the parallelogram on BC into two parts re- 

4 


yoctiy equal to the parallelograms on the sides, Euc. 1. 35, 36. 
. Let the equilateral triangles ABD, BCE, CAF be desorbed on 
BBO, CA, the sides of the tria igie ABC having the right angle at 

Soin DC, AK: then the triangles DBC. ABE are equal. Next draw 
DG perpendicular to AB an { join CG: then the triangles BDG, DAG, 

GC are equal to one another. Also draw AH, EK perpendicular to 
Dy the triangles EKH, EKA are equal. Whence may be shewn that 
trisagle ABD is equal to the Save BHE, and in a similar way may 
shows that CAF is equal to CHE. ; 5 
‘The restriction is unneoessary: it only brings AD, AT into the same 


= 


‘the problem is then reduced to the bisection o' 
Cygne ee i hs, the truthaf 
146. If the four sides of the figure be of different lengths, the a. 
theorem may be shewn. Tf, however, two adjacent sides o' - figure 
equal to one another, as also the other two, - ee ad ore b 

to the bisection of the longer diagonal, wit pin yee . 


into four triangles which are equ oF 
side is one half — 


Eue. 1, 47, observing that ee 

é m are on which shall be 
by Euc. Sauk = oe ae triangle which has 
on the giv! shall be the triangle required. 


the right angle 
ot ae p, and DE be drawn 
BC be biseoteyy  dbon Buc. 1.47, 
= truth is obvious from Euc. 1. 47. 
y Eue. 1. 47. 
apply Eue. 1. 47, 















and 
and appl 
required an! 


observing that the square on any line je foot 
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B PART I. An Account of the Aids, the encourage- 


= . ments, and rewards offered to Students, in the Und 
. * , +? _ OF . " b] 
matty of Cambridge; to which is prefixed a Collection of 
¥ M4 | eee . Y 
Maxims, Aphorisms, de. Designed for the Use of Learners. 
iahed, | By Ropert Porrs, M.A., Trinity College. Feap. 800. 
shex ont > * te 
4. ee p. 570, bds. 4s. Gd. P 
) ™ F * 
Buelid, and I h - Pe Tt was not a bad idea to prefix to the many 
them superior to any" have eter sata Rs rerio, Comte, «election of wasinn Wren heme ta ean 
recommended lents Poe ‘ have shown that learning is to be judged by its fru 
Fem Gremmer thet (a. nt oe (The Literary Chure — ‘ judged by its fruits in social and individual 
bad ke this was wh wanted."”—Clerical Journal. 


an edition of Buctid’s Kiements of Geometry, ©) ch DG « 7 - 
rie 4 : «“ The atogether is one of merit and value.”— (Guardian, 
a ; z a ‘| parts of this book are most interesting and instructive.”— Educational 


, ‘ 4. ty . ss 
Critical Remarks on the Editions of Euclid. | 
. Potts, by the publication of his Edition of Ewelid, with ( rt 
and the solutions aud Commentaries, has recalled beam ee 
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“T consider Mr. Potts’ edition of Buelid to be a most valusble addition to out Cum recent Leotslaté : 77 7 get ae by 
acl Mathematical literature, and especially to the department of Geometry, oo. ee: ° ecrnt Legislation tm the Colleges, and the University 
ri, it asa great help towards keeping up, and (ndeed reviving, the troe eplrit « a. sof Cambridge, with an A ix, contains, 0 
Pars Geometry, which of late years had been too much neg ected among OF » we fe + ; taining the Examina- 
BD "Peliow and Tutor ef Clare College. (1848 m re yee the inor Scholarships in 1861-1862 
& general opinion in this University iat the Pringles se *probap. Svo., pp. 462, hds. 4s. 6d. Pp % 
t< tow ither Cantsintet 
We regard Liber Cantabrigiensis, Part IL, as an inval pn ne SE 
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OT | 
id and Elementary Geometry cannot possibly be presente (+ 
penn ena cary Bengt nor be accompanied by a more jud ‘ 
with hints for their solution, than occurs in the pages of Mr. Potts’ py Gfaluabie work.” —fngiish Journal of Education, 
of arrangement with simplicity of language, apd 
‘to ite and simple form, so as to make an introductios 
ds same time as an exercise in logic (an advantage which hay! 
nt of in le the abbreviated editions with which this University had : _ 
consider tha . Pot! don jee to euuce e pas ta whieh 
: M.A, * — ts has 4 pe were Librers tats of names.” — The Aeader. 
Clare Ooilege i. = T 
of Simson, and secured the very spirit of Edgiid’s = 4 A Brief Account of the Scholarships and Exhibiti * 
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ply mechanical. It consists in Pree each. SF the { » open to Competition in the University of Cambrid, 
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le 157, cloth, Ls. 6a. 


from the solutions we have sketched of a few of them [the Geo View of the Evidences of Christianity, and the 
be led to sonaider them admirably adapted to improm® —” © Here Paulina; by William Paley, D.Di, Seranest 
Studen’ jes of judicious exercises, indent, f Seren ice “ A Sr... y Fellow and 
% Ag s serie in our lenguage--viewsd Ghai Fktor of Christ's College, Cambridge. A new Edition, with Notes, an 
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called ‘ Keys,’ as genere’) rat Ports, M.A., Trinity Couege. v0. pp. 568, price 10s, 84. tn cloth 


| “Mr. Potts has very meritoriously pre manageabl 
: present code e University and uP cml i . wnpee dheg 
& full abstract - the Statutes o all the Colleges, with bartioulars of their Fellowships, 




















« 













































here is nothing bie So sma ste : Ra | 
ts’ is the most com and use! ition yet 
ride tst this ought to be henceforth the standard ¢ 
‘Hore.’ "— bivlicw’ ibe rary ef any Christian Man fa 
js volume 
ithout this Sod incomplete,"—Chureh w 


Loman London. 
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(Sketches of Character, and Other Pieces in 
By ANNA H. POTTS. pp. 210. Feap. 8vo. cloth. Price ¥s 


Mrs, Potts’ volume deserves to be recommended to persons of taste, and wou'd 
| ore ax ‘most acceptable Christmas offering, either to the youthful, or to those mor» 
ae in years.”’—Court Journal. 


ied ‘ 

The neat little volume of Mrs. Potts, is full of tender feelin, which attracts an# 
i unites mind to mind, ‘and heart to heart. Her poetry reminds us of the touching pieors 
of Mra, Hemans; and her “Sketches of Character’’ of the best portraits of Cowper 

No one can read these sketches without having the finest sympathies aroused, and goed 

f resolutions thened.”—Literary Gazette. 

«She chiefly aims at develo the proper sphere of her sex, by pointing out | + 

duties of are under the eo circumstances in which they are placed ; show: 


the im) ce of patience and for! truthfulness and constancy, and 1 
cal influence of Micon, Thess topics are urged in verlous ores * a 
1s Miscellany. 


clearnoms Be eimnploty.— 


“This little volume is a Collection of Poetical Effusions on subjects of univer 
interest. Many of them ‘are remarkable for their ceful simplicity, and the abset 
of pretension, while some exhibit no inconsiderabie degree of humour. The fair 4 
thoress passes ‘from grave to gay, from lively to severe,’ with a refreshing ¢ 
and in many passages ys much feeling on subjects of domestic interest."—Sdu 


«There are many pleasing poems in this unpretending volume.”—Church and Stem 


i é * Lag Morea ng semtainell te “eae volume may be enumeru’™ 
t usbands,’ ‘ Wives,’ SMaidens,’ Which are written in ane 
i i ve, delineative and didactic, with some passages of satire; a! 
also be added the shorter Pieces, called ‘The Sisters,’ and *The Prow 
|) "Other pieces in Veree,’, are _numeross Gnd of varied kinds, playful and grav’. 
ae te commemorative, sentimental or imaginative, the metrical structure var 
‘always easy and flowing, with a careful and accurate cholee of rhymes. A < 
‘and fervent tone of religious feeling pervades all the Pisces in which sacred thou 
‘and the moral sentiments are chaste, loving and cheerful, ador 
i are all the more effec 


‘ the 
with and pleasing conceptions, which 
| for ee ity Leeds Intelligencer. 
"ini, ff Tie accomplished authoress evidently aims at something higher than mere Por" 
BBs meee wey understood and written, is only # means to sn end; aad Gist 
| "end is the ele yc ipan, aa.areligious, moral, and intellectual being.” ~ 7°" “ 
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‘qn the ‘Sketches of Character’ there is a word of advice to ench of 
i waa Peaents, Wives, and Maidens. To each class a sepatate | 
; ‘considerable length is devoted, and we can assure our readers, whether they °" 
; wives, or fair maidens, that each and all of them will find a lemipn »<"* 

: d profitable instruction, inculeated in pis ~ 


that there is not in the volume one ¥ 


M earnest style. We can truly say 
th rte lve rogret wo have writen or te render to Mane ESS 
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